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1 Definition of Levy Processes 

Throughout this section, we work with a stochastic base (fi, J^, P, {J't)t>o)y where the filtration 

{J-t)t satisfies the usual conditions. 

Definition 1.1 A R'^-valued stochastic process X = {Xt)t>o is called a Levy process iff the 
following conditions hold: 

(i) Stationary Increments: Xt+h — Xt = X^ (for /t > 0). 

(ii) Independent Increments: Xf^f^ — Xt is independent of J-'t (for h>0). 

(iii) Stochastic Continuity: Xg Xt in probability as s — >■ t. 

(iv) Cadlag: Almost surely, sample paths of X have left limits and are right-continuous. 

□ 

Observe that, by (i), we have Xq = a.s. For the moment, note that (arithmetic) Brownian 
motion is a Levy process. A Poisson process is another example, with very different properties. 
We will give more examples of Levy processes later on. 

Remsirks 1.2 A process which satisfies only (i)-(iii) of Defn LI is called a Levy process in 
law. The difference between Levy processes and Levy processes in law is slight: It can be 
shown that any Levy process in law has a modification which is cadlag: see Thm B.2 for a 
proof. 

□ 

2 Distributions Associated with Levy Processes 

The fact that a Levy process has independent stationary increments implies some very strong 
constraints on the set possible distributions of Xt. Note that, for any n G N, we can write 

n 

Xt = ^Yi where = Xtijn - ^t(j-i)/n 

i=l 

Clearly the Y^ are i.i.d. variables. Random variables with this property are called infinitely 
divisible, and we study their properties next. 
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2.1 Convolution 

Suppose that X, Y are independent M'^-valued RVs with distributions v respectively. The 
distribution of tlic sum X + Y is given by the convolution fj,* v oi the measures: For a Borel 
set B e B{R'^) we have 

F{X + Y eB)= [ F{X eB-y\Y = y) v{dy) 

li{B - y) u{dy) 

lB{x + y) in X u){d{x,y)) 



I 



Definition 2.1 Let be probability measures on (M*^, ;S(M°')). We define the convolution 
of /X, u to he a set function /j,*!/ : B{W^) — M given by 



□ 



H*u{B)= I lB{x + y) {nx i^){d{x,y)) 



It is easy to verify that /i * is again a probability measure on M". We leave the following as 
an exercise: 

Proposition 2.2 The set Aii{M.'^) of probability measures on (M.'^,B{W^) forms a commuta- 
tive monoid when equipped with the convolution operation. That is: 



□ 



(i) * is a commutative and associative operation on A4i[ 

V = V * ij, * (v * j) = (fi * u) * ^ for all & A^i(M'^) 

(ii) The Dirac measure 5q (unit mass at the origin) is an identity element for *; 

/x*(5o = /x = (5o*/U for all n G A^i(M'^) 

A standard argument (starting from indicator functions) shows that 

/ f{x) fj, * i^{dx) = / f{x + y) fx{dx) u{dy) 
whenever / is a bounded measurable function. 
2.2 Chciracteristic Functions 

Recall that the characteristic function (or Fourier transform) of a probability measure ji on 
is a map /i : M'' — C defined as follows: 

fi{u) = [ e^<"'^> ii{dx) 
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The characteristic function (px of a random variable X is defined to be the characteristic 
function of its distribution Px, i.e. 

¥'x(u)=PxM = E[e^<"'^>] 

It is easy to verify that 

jj, * ^{u) = p,{u)i'{u) So{u) = 1 

(i.e. that the Fourier transform is a homomorphism from the monoid A^i(M^) with convolu- 
tion to the monoid of bounded continuous C-valued functions on with ordinary multipli- 
cation.) 

We collect here (following Sato[?]) several well-known results about characteristic func- 
tions. (See, e.g., Billingsley[?] or Kallenberg[?] for proofs.) 

Theorem 2.3 jJL^v^Hn are probability distributions on {W^,B{W^)). X^Y^Xn areW^-valued 
random variables. 

(a) (Uniqueness Theorem): If jl = !>, then (1 = u. 

(b) (Bochner's Theorem =^): fi is a uniformly continuous function, with /i(0) = 1, |/i(?x)| < 1. 
Furthermore, fi is non-negative definite, i.e. for any ui, . . . ,Un G M*^ and ^i, . . . , ^„ G C 
we have 

n n 
j=l k=l 

(c) (Bochner's Theorem <=): Conversely if cp is a map ip : —>■ C which has (p{0) = 1, is 
continuous at u = and is non-negative definite, then ip is the characteristic function of 
some probability distribution on M*^. 

(d) (Glivenko's Theorem,): If Hn ^ fJ- weakly (i.e., in distribution) then fin ^ fi uniformly on 
compacts. Conversely, if fin ^ fi pointwise, then fin ^ fJ, weakly. 

(e) (Levy Continuity Theorem): If fin ^ V pointwise, and if (p is continuous atu = 0, then 
(p is the characteristic function of a distribution on MJ^. 



(f) (Kac's Theorem): Let X = {Xi,...Xn) be an R"""^ -valued RV. Then Xi,...,Xn are 
independent iff 

n 

^x{z) = Yl^Xjizj) for z = {zi, Zn), where Zj e M'^ 

(g) IfX,Y are independent W^-valued RVs, then Px+y{u) = Fx{u)Py{u). 

(h) (Moments): Let n G N. If fj, has absolute moment of order n (i.e. if J \x\"' jii^dx) < oo), 
then fi is a -function, and 



I 



Ji{u) 



i dui J \i dud^ 
for any non-negative integers ui,. . .n^ satisfying ni + ■ ■ ■ + < n. 

□ 
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2.3 Infinite Divisibility 

Given fi G Mi{W^) and n G N, define the n-fold convolution of by 

IJ,^ = fi*ljL*---*IJ, (n times) , /jP = do 

Definition 2.4 A probability /j, distribution on {W^, B{W^) is called infinitely divisible iff it 
has an n^^ convolution root u = fin for every n € N, i.e. iff for every n G N there is a 
probability measure v such that /x = i^". 

A M'^-valued RV is said to be infinitely divisible iff its distribution Fx is. 

□ 

Note that fi is infinitely divisible iff, for each n G N, /i has a n^^ root which is the 
characteristic function of a distribution: Indeed, if /x = v"^, then jl = v^. This simple 
observation allows us, in some cases, to determine whether a distribution is infinitely divisible 
merely by inspecting its characteristic function. 

Examples 2.5 (a) Let be a normal distribution with mean vector 7 G M'^ and covariance 
matrix E G M''^'^. The characteristic function is given by 

fi{u) = exp(i(u, 7) — \ {u,Tju)) 

Clearly, 

is an n^^ root of fi which is also the characteristic function of a normal distribution with 
mean ^7 and covariance matrix ^E. Hence a normal distributed RV is infinitely divisible. 

(b) On M^, let /x be a Poisson distribution with mean A (i.e. fi is supported by the non- 
negative integers and has n{k} = for A; = 0, 1, 2, ... ) The characteristic function is 
given by 

fi{u) = exp(A(e^" - 1)) 

Clearly, 

cxp(^(e--l)) 

is an n*'^ root of fi which is also the characteristic function of a Poisson distribution with 
mean ^. Hence a Poisson-distributed RV is infinitely divisible. 

□ 

Other examples of infinitely divisible distributions are the exponential-, P-, geometric, and 
Cauchy distributions, and this follows immediately by inspecting their characteristic functions 
(which may be found in Sato[?]). There are many other distributions where proving infinite 
divisibility is much more difficult, e.g. the Student's-t, Pareto, lognormal, Gumbel, Weibull 
and F-distributions (see Sato[?], section 8, for references). 

Proposition 2.6 (a) The convolution of two infinitely divisible distributions is infinitely di- 
visible. 
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(b) The sum of two independent infinitely divisible RVs is infinitely divisible. 
Proof: (a) If fii = uf [i = 1,2), then jii* 112 = {i^i * ^'2)""- 

(b) follows immediately from (a) and the fact that if X, Y are independent, then Px+y = 

H 

The proof of the next theorem may be found in Appendix A 

Theorem 2.7 (a) If ji is an infinitely divisible distribution on M.'^, then there is a unique 
continuous function f ■.M.'^ —>■ C such that /(O) = and fi{u) = ef^'^\ 
We call f the distinguished logarithm of fi, and write f{u) = log 

(b) If fi is infinitely divisible, then its ra*'* convolution root is unique, i.e. there is a unique 
distribution v such that 11 = u'^. 

(c) If (In {n £ N) are infinitely divisible, and if fin ^ then ji is infinitely divisible. 

□ 

Recall that if jj, is infinitely divisible, then //I/" is simply its n^^ convolution root, and this 
convolution root is unique, by the preceding theorem. We may therefore define /jP^"^ for 
rational p/q > by fx^/'^ = {^^/'^Y = the p-fold convolution of ji^^'^. We also define ji^ = 5q. 
We can extend the definition of convolution powers to arbitrary non-negative reals as follows: 

Proposition 2.8 If ^ is infinitely divisible, then we may define /x* for any t > 0. Then /J is 
infinitely divisible. 

Proof: Suppose that jj, is infinitely divisible. Wc already have defined /i" for n G N. Then /i" 
is clearly itself infinitely divisible, as fi{u)n = (^jj^(u)^)^ for ^ G N. ji{u)^ {u) = 
shows that we may define an infinitely divisible distribution jjfl for every non-negative rational 
number q. If t is irrational, choose a sequence of rationals g„ — t. Then fi{uY'^ — fi{uY. 
Since is continuous, it is a characteristic function of some probability distribution (by 

Thm. 2.3 (Levy continuity)). Wc define /i* to be that distribution. Then /i^" — > /x* weakly, 
and hence is infinitely divisible, by Thm. 2.7. 

H 

2.4 Levy Processes and Infinite Divisibility 

For Levy processes, the following result is important: 

Proposition 2.9 Let X be a Levy process in M.'^. If t > 0, the law of Xt is an infinitely 
divisible distribution on iW^ ,B{W^)). Moreover, if ji is the law of Xi, then is the law of 
Xt. 

Proof: Let i > and n G N. Then 

Xt = {Xt/n - Xq) + {X2t/n - Xiin) H V {Xt - Xt(n-l)/n) 
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represents Xt as the sum of independent identically distributed random variables. Thus if /Ltj 
is the law of Xt, then clearly = {l^t/n)^^ which establishes the infinite divisibility of To 
see that = f^i, first note that this holds if t is rational: If t = | > 0, then Xp^^ is the sum 
of p-many independent random variables with distribution i^i/q. For general t >0, the result 
follows by Propn. 2.8. 

H 

We quote here an important technical result, whose proof may be found in Appendix B. 

Theorem 2.10 Let ji he an infinitely divisible distribution on (M*^, B(M'^)). Then there is a 
Levy process X such that fi is the distribution of Xi . 

Moreover, if X' is another such Levy process, then X, X' are identical in law. 

□ 

Thus Levy processes and infinitely divisible distributions are intimately related: If X is 
a Levy process, then each Xt is infinitely divisible. Conversely, if is an infinitely divisible 
distribution there is a Levy process X such that Xt = /x*, i.e. the law of X is determined 
by |U. The study of Levy processes is therefore very much the study of infinitely divisible 
distributions. 

We now take a first look at the characteristic functions associated with a Levy process. 
These are fully characterized by the Levy-Ito Decomposition Theorem, to be proved later. 
First note that if /i is an infinitely divisible distribution, then there is a unique continuous 
function : ^ C satisfying r](0) = and fi(u) = eP^'""^: This is just Thm. 2.7(a). Suppose 
now that is the law of Xi, where X is a Levy process. It follows immediately that Xt has 
law jJ, and thus that the characteristic function of Xt is given by 

The function r] is known as the Levy exponent (or characteristic exponent, or Levy symbol) 
of the process X. Clearly it completely determines the law of X. 



3 The Strong Markov Property 

We will prove in this section that every Levy process is a strong Markov process. The proof 
follows Protter[?]. First, we will need the following easy result, which will also be useful in 
the proof of the Levy-Ito decomposition theorem: 

Proposition 3.1 Suppose that X is a Levy process in W^, and that u G W^. Then 

i{u,Xt) 

■= — 

f ■ ]E[e«(«.^t>] 

is a cadlag square-integrahle martingale. 

Proof: Let rj be the Levy exponent of X. Clearly 

= Q-tr){u) ^i{u,Xs) ^{t-s)ri{u) 
= M" 
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This establishes the martingale property. That M" is cadlag follows because X is cadlag 
The square-integrability of M" is follows by a simple calculation: 



E[|M, 



-2tri{u) I 



E[|e 



i{u,Xt)\2i 



-tri{u)\2 



< OO 



Theorem 3.2 Let X he a Levy process on {ft,J^, {J^t)t>o)> (^nd let t he a stopping time. On 
the set {r < oo}, the process 

Yt '■= Xr+t — Xr 

is a Levy process adapted to Qt = J^r+t- Furthermore, Y is independent of T-j- and has the 
same law as X. 

Proof: Suppose first of all that r is bounded. Let {uj : j G N} enumerate a countable 
dense subset of R'^ (e.g. Q"'), and let {tj : j G N) be an increasing sequence in R-|_. Let 

ipt{u) '.= E[e*^'''"'^*^] be the characteristic function of Xt. Then = ^^^(^J^ is a martingale, 
for each u. Thus if ^4 G we have 



E 



lAe 



E 



using the optional samphng theorem to condition successively on r + tn-i,T + tn-2, ■ ■ ■ ,t, 
and the fact that ipT-^^^^^t^ = 'Pr{uj)¥^tj- It follows immediately that is independent of Y, 
and also that Y has stationary independent increments with the same law as X. 

If T is not bounded, the above remains true when applied to the bounded stopping times 
T An and the set An {t < n},A G .?>. Allowing n — oo and applying the dominated 
convergence theorem shows that the result hods for unbounded r and events ^n{T < oo}, A G 



4 Poisson Process; Compound Poisson Process 

Here is a useful lemma, taken from Feller [?]: 

Lemma 4.1 Suppose that u : M+ — >■ M+ is a strictly positive function satisfying 

u{t + s) = u{t)u{s) 
and that u is hounded on compact sets. Then u{t) = e^* for some A G M 

Proof: Let A = Intt(l), and define v{t) = e~'^^u{t). It suffices to show that v = 1. 

Certainly v{l) = 1. Hence if g G N, then 1 = v{l) = v{^) = v{^Y, from which it follows 
that v{^) = 1. It follows that if 2 > is rational (where q > 0), then u(2) = v[^Y = 1 also. 
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Now suppose that v{t) ^ 1 for some t > 0. Such a t cannot be rational. If v(t) = c > 0, 
then v{p£) = ^ oo. So v takes on arbitrarily large values. Similarly, if v{t) = c < 1, choose 
N & N such that N > na, and note that v{N — no) = c^" oo. Hence v takes on arbitrarily 
large values in this case also. Let L be such a large value. If v{t) = L, then v{t — ^) = L also, 
so that V takes on the value L on all intervals. 

Thus, iiv^l, then v is unbounded on compact intervals, and hence so is u, contradiction. 

H 

Let {^,J^,F,¥ := {J-'t)t>o) be a stochastic base. Let (T„ : n G N) be a strictly increasing 
sequence of random times (i.e. non-negative random variables), and let Tq = a.s.. Asso- 
ciated with such a sequence is a counting process, i.e. a process Nt with values in N U {oo} 
defined by 

n>l 

Loosely, if T„ is the time of the n*^ event, then Nt is the number of events that have occurred 
by time t. It is easy to show that Nt is adapted to F iff the r„ are F-stopping times, because 
{Nt = n} = {Tn<t< Tn+i}, and {r„ < t} = {Nt > n}. 

Definition 4.2 A Poisson process is an adapted counting process which is also a Levy process. 
Theorem 4.3 Let N be a Poisson process. Then there exists A > such that 

WNt = n) = e-^'^-^ 
nl 

i.e. Nt has a Poisson distribution with mean Xt. 

Moreover, if Nt is a counting process for the sequence (r„)„>i of stopping times, then the 
collection of interarrival times {r„ — r„_i : n > 1} is a set of independent exponentially 
distributed random variables with parameter A. 

Proof: Let u{t) = F{Nt = 0). Since Nt is continuous in probabihty (being a Levy process), 
the function u(t) is a decreasing non-negative continuous function. Clearly, if < s < t, then 
{Nt = 0} = {Ns = 0} n {Nt - Ns = 0}, and hence u{t) = u{s)u{t - s), by the fact that Nt 
has stationary independent increments. 

We now claim that u is strictly positive. For suppose that u{t) = for some t. Certainly 
u{s) = for all s > t. Given < s < t, choose n G N such that ns > t. Then = u{ns) = 
u{s)'^. Hence u{s) is zero for all < s < t also. But then ti < t a.s. for all t, which is 
impossible. Hence u is strictly positive. 

By lemma 4.1, u{t) = e~^* for some A > 0. If u{t) = for some t, then the continuity of 
u would imply that u = identically. For, given s < t, choose n G N such that ns > t. Then 
= u{ns) = ti(s)". Hence u{s) is zero for all s < t also. But this is impossible, since is a 
counting process.) Since also {ri > t} = {Nt = 0} we see that n is exponentially distributed, 
with parameter A. 

Now define NJ? = Nr„+t - Nr„. Then clearly iVf = Em=n+i ^{t>r^-r„} is a counting 
process for the strictly increasing sequence of random times {Tm — Tn : m > n}. By the strong 
Markov property, iV" is a Levy process (adapted to .?v„+t) with the same law as Nt, and thus 
Tn+i — Tn is independent of J-t^ and has the same law as ri . It follows that the interarrival 
times are independent and exponential with parameter A, as stated. 
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Hence the density fr^ of r„ is 



Ae-^*M^ ift>0 
(n — Ij! 

if t < 



i.e. Tn has a gamma distribution^ with parameters A,n. (Prove this by induction: /t„+i(0 = 

-|P(rn+i > t) = -| /!^P(r„+i - r„ > i - u|r„ = u)fr^{u) du=...) 

Thus 



Jo 



n! 



e-^+TAe-^.. integrating by parts 
n! Jq n\ 



and hence 



as required. 



P(Ari = n) = P(t„ < t) - P(t„+i < = e" 



-At(AO^ 



ni 



Remarks 4.4 (a) The above proof also indicates how to construct a Poisson process.: Let 
{an : ri G N} be a family of independent exponential random variables with parameter A. 
Let Tn = J2k=i ^k- Then 



defines a Poisson process, 
(b) Note that, in that case, 



Tn = inf {i >0:Nt>n} 



(c) The quantity A > is called the arrival rate or intensity of the Poisson process. It is easy 
too verify that 

E[Nt] = Xt = Var(iVt) 
Thus an intensity of A corresponds to an expected A arrivals per unit time. 

(d) We do not need the all the axioms for a Levy process to characterize a Poisson process: 
Any counting process with stationary independent increments is automatically continuous 
in probability, and thus a Levy process. Indeed, it is shown in the proof above that 
F{Nt = 0) = e-^* for some A > 0. It follows lim^^tPdA^^ - Nt\ > e) = lims-^tmNt-s\ > 
e) = limh^oF{Nh > e) = lim^^o(l - e"^'*) = 0. 

□ 



^The Gamma distribution with parameters c,a has density 7c, a (a:) = y^x'^ "^I-^+{x) where r(c) 
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Next, we introduce compound Poisson processes. Let be a random walk, i.e. Sji — 
Y^2=i ^k, where Yi, Y2, . . . are i.i.d. random variables. Now effect a time change, so that the 
time between jumps is exponentially distributed: Let (Ti,(T2, . . . be independent exponential 
variables, also independent of Yi, Y2, . . . , let r„ = ^22=1 and let = Yin -^{r„<t} be the 
associated Poisson process. Define 

Nt 

Xt ■■= SNt = '^Yn = '^ ^n^{r„<t} 
n=l n>l 

The process Xt is called a compound Poisson process. More precisely: 

Definition 4.5 Suppose that {y„ : n G N} are i.i.d variables (with values in W^) with 

distribution fx and that Nt is a Poisson process with intensity A (which is the counting process 
for the sequence of random times (r„ : ra > 1)). Suppose further that {1^ : n G N} is 
independent of {Nt : t >0}. The process 

Nt 

Xt-=^Yn = ^ YnI{Nt>n} = XI ^'^^{Tn<t} 
n=l n>l n 

is called a compound Poisson process with intensity A and jump distribution /j,. 

□ 

Here, it is understood that Yln=i ^- Note that a Poisson process is a one -dimensional 

compound Poisson process with jump distribution 5i, the point mass with support {1}. 

If Xt = J2k=i is a compound Poisson process, with intensity A and jump distribution 
fj,, then the characteristic function of Xt is given by 

00 

n=0 
n=0 

_ ,,^ (M^)Atr 

n=0 
^ gAt(A(«)-l) 

For that reason, we define: 

Definition 4.6 A probability distribution a on R*^ is said to be compound Poisson if, for 
some c > and some probability distribution /x on M*^, we have 



□ 
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Thus a Poisson distribution is a compound Poisson distribution with c = 1 and pL = 5\. 

Recall that a right-continuous function / : is said to be piecewise constant if 

there exist = to < < *2 < • • • and constants a„ G such that / = J2n '^nl[t„,t„+i)i where 
each bounded interval in M"*" contains at most finitely many of the tn- The class of compound 
Poisson processes is exactly the class of Levy processes with a.s. piecewise constant sample 
paths. 

Theorem 4.7 A process Xt is a compound Poisson process if and only if it is a Levy process 
with a.s. piecewise constant sample paths. 

Proof: (^): Suppose that Xt = En=i is a compound Poisson process, where Nt is a Pois- 
son process with intensity A, and the Yn are mutually independent with common distribution 
H, and also independent of {Nt)t>o. Let Sn = Sfe=i Yk be the associated random walk, so 
that Xt = S^f Since Xt jumps only when Nt docs, Xt is cadlag, because Nt is. Since Nt is 
piecewise constant (because F{Nt < co) = 1), so is Xt. 

Suppose now that Bo, Bi - ■ ■ e B{R'^) and that < to < ti < t2 < Then we have, by 

stationary independent increments for the Poisson process and the random walk, that 

P(Xjq G Bo, Xt-^ — XtQ G -Bi, . . . Xt^ — Xt^_^ G Bk) 

^{^to = no, Nt,-Nt,=ni,..., Nt^ - Nt^_^ = n^, 

no,ni,...n)teN 

Sno S Bo, SnQ-\-ni ~ G Bi, . . . , S'ngH hnfc ~ \-nk-i ^ Bk) 

= ^(^*o = no)F{Nt,-to = ni) . . . P(iVt,-t,_i = n^)- 

no,ni,...nfceN 

F{Sn, G Bo) ■ ¥{Sn, G Bi) . ..F{Sn, G Bk) 

= F{Xt, G Bo) ■ nxt.-to e Si) . . . nxt,-t,., e Bk) 
In particular, 

F{Xt, - Xt, G 5) = F{Xt, G Xt, - Xt, eB)= F{Xt, G R'^)F{Xt,-to G B) 

which shows that Xt^^ — Xt, and Xt^-t, are identical in law, and thus that Xt has stationary 
increments. It follows that 

^{Xto G -Bo, Xt, — Xtg e Bi,.. . Xt^ — Xt^._, G Bk) 
= F{Xt, G Bo) ■ F{Xt, - Xt, G Si) . . . F{Xt, - Xt,_, G Bk) 

and thus that Xt has independent increments. 

(<^): Now suppose that Xt is a Levy process, with piecewise continuous sample paths. 
Define a sequence of stopping times {Tn)n>o by 

To = Tn+l = inf{t > Tn : Xt- 7^ Xt} 

Since Xt has a.s. piecewise constant sample paths, the r„ are a.s. finite and form a strictly 
increasing sequence of stopping times. Let A^^ be the associated counting process, so that 

Nt = no. of jumps of X in interval (0, t] 
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Then Nt — Ng = no. of jumps of X in interval {s,t]. Because X is a Levy process this 

is identical in law to Nt-s = the no. of jumps in interval (0,t — s], and independent of 
a{Xu : u < s). In summary, Nt is a Levy process, because Xt is a Levy process. Since Nt is 
also a counting process, it must be a Poisson process, by Thm. 4.3. 

Now define, = Xj-^ — Xt^^ (where n > 1). Then Yn is the first jump of the process 
Xt := Xr„_i+t — -^T„_i, which is a Levy process identical in law to X, and independent of 
J^m^i, by the strong Markov property. It follows that the Yn are i.i.d. The jump sizes must 
also be independent of the no. of jumps (or else Xt could not have independent increments), 
and thus the Y^, are independent of Nf. 

H 

Remarks 4.8 Since every cadlag function can be approximated by piecewise constant func- 
tions, it is not hard to believe that every Levy process can be approximated by compound 
Poisson processes. Much more about this later. 

□ 

5 Levy Processes without Jumps 

The aim of this section is to show that a continuous Levy process in is none other than 
an arithmetic Brownian motion in a loose sense: The components are arithmetic Brownian 
motions that need not be independent, but their joint distribution is multivariate Gaussian. 

Our aim is to use the Levy characterization of Brownian motion: A one-dimensional 
continuous martingale M vanishing at t = is a standard Brownian motion iff [M]t = t, where 
[M]t is the quadratic variation of M. Cf. Revuz and Yor[?] Thm IV. 3. 6 for a proof. Also see 
Appendix D for a development which does not rely on Levy's characterization theorem. 

In order to apply this result, we need to know that the first and second moments of a 
Levy process with continuous sample paths exist. The following result gives us more than we 
need: 

Proposition 5.1 A Levy process whose jumps are a.s. bounded has moments of all orders. 

Proof: Let Xt be a Levy process, and suppose that is a bound for the jumps, i.e. that 
P(3i[|Xt - Xt-\ > K]) = 0. Define stopping times r„,n € N inductively by 

Ti = inf{t : > K}, T^+i = inf{t : t > T„, \Xt - XtJ > K} 

By right-continuity of the process Xt, the sequence (r„)„ is a.s. strictly increasing. Since 
\Xt„ — -^T„-| < K for all n, we see by induction that sup5<y^ \Xs\ < 2nK: Indeed, 
suPs<Ti \Xs\ < K, and hence sup5<2'j \Xs\ < K + K, using \Xti — Xt^^\ < K. The re- 
sult for n > 1 follows by similar reasoning. 

By the strong Markov property, T„ — T„_i is independent of J%'„_i, and have the same 
law as T\. Thus 

E[e-^"] = E[e-^i]" = a" where a < 1 

It follows that 

F{\Xt\> 2nK) < P(T„ < t) < e*a" 
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(because E[e-^] > E[e-^; Z <t]> e-*P(Z < t).) Thus 

lE[|^tn = I^IE[|Xtr;2niC < < 2(n + l)i^] 

n 

n 

by the ratio test. 



Since for distributions jx we have that / |a;p djj, < oo impHes that jl G C"* (cf. Thm. 
2.3(h)), we see: 

CoroUsiry 5.2 If Xt is a Levy process whose jumps are a.s. bounded, then the map 
is 

□ 

Suppose that Xt is a (i-dimensional Levy process with continuous sample paths. Then it 
has moments of all orders, by Propn. 5.1. In particular, the process Xj — E[Xt] is a continuous 
martingale centered at 0. We now show that any centered continuous Levy process is a 
Brownian motion in the loose sense: Components need not be independent, but are multi- 
variate Gaussian. 

So let Xf = {Xf^\ . . . jX^'^^) be a centered Levy process with continuous sample paths. 
Let A be the non-negative definite symmetric d x d-matrix defined by 

where Xt = {Xf^\ . . . ,X^^^). We claim that the covariation process of X^'^ and X^''^ is given 

by 

[X^^,X^% = Aijt 

Recall that E[e*<"'^*>] = e*'^^") for some ^ : ^ C with V(0) = 0. Since Xt has moments 
of all orders, the function is C°°, by Thm. 2.3(h). Moreover, since we have 



u=0 



gtV'(w) = 0, and thus that i'iu) = also. It now follows easily that 



u=0 



E[X«X(^)] = -— ^ /^^-^ = t--^ >(u) = tE[xW4 



92 



i2 



u=Q 



i.e. that 

E[A, j-^,,. 

To show that [X^^,X^% = Aijt, it suffices to show that xf^X^^ - Aijt is a martingale. By 
the fact that increments are independent with mean zero, we have 

E[xf^Xp^ -X»Xp')|.7^,] 

= E[(x» - x«)(xp) - xi^')) + x«(x(^) - xp-)) + xp)(x» - X«)|.F,] 

= E[(X«-X»)(x(^)-Xp))] 



Analysis of Jumps of a Levy Process 



15 



Taking expectations on both sides shows that 
It follows that 

and thus that X^'^'X^^'' - Aijt is a martingale. 

Now, for A G R'^, let = {X,Xt). Then is a centered continuous one-dimensional 
martingale. Using the fact that the covariance process bracket operation is bilinear, we see 
that the quadratic variation of Z^ is given by 

[Z% = {\,AX)t 

Hence, by Levy's characterization, Z^ is a Brownian motion with variance parameter (A, AX) 
(i.e. Z^ ~ iV(0, {X,AX) t)). It now follows that 

which proves that Xt is a d-dimensional Brownian motion with covariance matrix A. 

Now if X is a Levy process with continuous sample paths, then Xt — E[Xt] is centered, 
and thus a Brownian motion. If we define 7 = E[Xi], then E[Xt] = jt, and so E[e*<"'-^*-T*>] = 
g-2("'^") * for some symmetric non-negative definite matrix A. We have proved: 

Theorem 5.3 Suppose that Xt is a Levy process with continuous sample paths. Then there 
exists 7 G M'' and a symmetric non-negative definite d x d-matrix A such that 

]gjgi{w,Xt>j _ gi{u,7) t-\(u,Au) t 

Hence Xt is a d-dimensional arithmetic Brownian motion with drift 7 and covariance matrix 
A. 

□ 

6 Analysis of Jumps of a Levy Process 
6.1 A Useful Technical Result 

Recall that if / is a function / : [0, 00) R'^, and if < ti < t2 < 00, then the variation 
V{f; {ti,t2]) of / over the interval (^1,^2] is defined by 

n 

n/;(ii,*2]) = sup^|/(s,)-/(s,_i)| 

The following result will play an important role in our analysis of the jumps of a Levy process: 

Proposition 6.1 Suppose that M, N are centered cddldg martingales, that M is square- 
integrahle, and that N has square-integrable variation (i.e. E[Vt(7V)^] < 00, where Vt{N) is 
the variation of N on [0,t]). Then 

EMtNt = E ^ AMs ■ ANs 

s<t 
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Proof: A rigorous proof is given in Appendix E. The basic idea, however, is simple: Note 
that if TT = {0 = io < < • • • < ^AT = i} is a partition of [0, t], then 

0<k<N 

by repeated appHcations of the tower property. It is not hard to beheve that 

0<k<N s<t 

which yields the result, provided we may apply the dominated convergence theorem. The 
technical conditions ensure that we may. Pull details are in Appendix E. 

H 

6.2 Counting Jumps 

Let X = {X^, . . . , X'^) be a d-dimensional Levy process on a space (Jl, J^, F). Recall that the 
jump process is given by AXt = Xt — Xt- . This definition makes sense, because X is cadlag. 
It is quite possible for 'YlsKt ^-^l t° infinite. However, again because X is cadlag, on any 
bounded time interval there are only finitely many jumps whose amplitude exceeds a given 
(strictly positive) size. Put another way: Suppose that B G B{W^), and that ^ B. Then 

Y ^XsI{AX,eB} 

s<t 

has only finitely many non-zero terms. We say that a Borel set B is bounded away from 
zero if 5. For such B, we can introduce a strictly increasing sequence of stopping times 
iTn)neN by 

To = rf+i = inf {t > : AXt e B} 

Thus the {T^)n>i enumerate the times of jumps in B. Let Nt{B) be the associated counting 
process: 

oo 

n=l 0<s<t 

Let i^{B) be the parameter of Nt{B), i.e. 

u{B) = E[Ni{B)] 

is the expected no. of jumps of Nt{B) per unit time. Then ^{B) is also the expected no. of 
jumps of X in B per unit time. Note that also that viB) < oo when B is bounded away from 
zero. It is easy to see that i/ is a measure on H(M'^\{0}): Por fixed a; G the map 

Nt{-){uj) : fi(M^\{0}) ^ N U {oo} : B ^ Nt{B){uj) 

is a counting measure, counting the no. of jumps of X in B by time t. Since i^{B) = K[Ni{B)], 
the monotone convergence theorem implies that i/ is a measure also. 



,0<fe<Ar 0<k<N 
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Proposition 6.2 Let X be a Levy process in W^. For each B G B(M'')\{0}, let Nt{B) = 
E.<t^s(AX,). Then 

(a) Nt{B) is a Poisson process with intensity ^{B). 

(h) If Bi,...Bra G ,S(M'*\{0}) are disjoint, then Nt{Bi) , Nt{B2) , . . . , Nt{B„^) are indepen- 
dent. 

Proof: 

We verify that Nt{B) is a Poisson process: It is easy to see that Nt{B) is cadlag, because 
N jumps onfy when X jumps, and X is cadlag. Furthermore, Nt{B) — Ns{B) is the number of 
jumps in the interval (s, t], which is clearly (t(Xu — X^ : ,s < u < ';;)-nieasurable, and therefore 
independent of because X has independent increments. Thus Nt{B) has independent 
increments. Because the no. of jumps in {s,t] and the no. jumps in {0,t — s] are identically 
distributed (because the processes Xu and X^+s — Xs are identical in law), we see that 
Nt{B) — Ns{B) has the same distribution as Nt-s{B). Thus Nt{B) is a Levy process which 
is also a counting process, and hence a Poisson process. 

Furthermore, if Xb is the intensity of the Poisson process Nt{B), then, in particular 
E[Ni{B)] = Ab • 1, i.e. Xb = y{B). This proves (a). 

Now suppose that B,C & B{R^) are disjoint and bounded away from zero. Let 

Then M^,Mg are centered cadlag martingales. Note that Mg(f) jumps only when Nt{B) 
jumps. Since Nt{B) and Nt{C) cannot jump at the same time (because B Ci C = 0), we 
have AM^(s) AMg(s) = 0. By Propn. 6.1, we see that E[M^{t)M^{t)] = 0. It follows 
immediately that 

^^iuNt{B)+ivNt{C)-^ ^ ^^iuNt{B)-^ E [e*''^* ^'^^ ] 

which proves that Nt{B),Nt{C) are independent, by Thm. 2.3(Kac's Theorem). 

Also, Mg(t)M^(t) is then clearly a centered martingale. It is now easy to show (by 
induction) that Nt{Bi), . . . , Nt{Bm) are independent whenever Bi, . . . , B^ are disjoint and 
bounded away form zero. 

It remains to prove the result for general Borel subsets of M''\{0}. If S € S(M°'\{0}), 
then we can write B = |J„ as a union of Borel sets that are bounded away from zero, 
where D"^ = {x e B : \x\ > ^}. Then Nt{B) = lim„ iVi(i:)|) a.s. , where each Nt{D'%) is 
Poisson with mean z/(D^). Since a.s. convergence implies convergence in distribution, we see, 
by comparing characteristic functions, then Nt{B) is Poisson with mean lim„ i^{D^) = ^{B). 
Finally, if Si, . . . , S„ G i3(M'^\{0}) are disjoint, then NtiD'^l), NtiD"^"^) are independent, 
for any ni, . . . , n,„ G N. Since Nt{B) G u{Nt{D'%) : n G N), it follows that Nt{B{), Nt{Bm) 
are independent also. 

H 

Proposition 6.3 u is a a-finite measure on M''\{0}. 

Proof: This follows from the fact that v{B) < 00 for any B bounded away from zero. 

H 
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We call v the Levy measure of the process X. Note that it is defined on the cr-algebra 
H(M'^\{0}). It is convenient to extend v to all of H(M'') by putting 

K{0}) = 

6.3 Poisson Random Measures 

Definition 6.4 Let (0,^,P) be a probability space, and let {E,B) be a measurable space. 

(a) A map M : H x — M is called a random measure on {E,B) iff 

(i) For each B £ B, the map to ^ M(B, uj) is a random variable on ($7, JF, P). 

(ii) For almost every oj e O,, the map B i— M{B, oj) is a measure on {E, B). 

(iii) There exists a partition Bi,B2, ■ ■ ■ E B of E such that M{Bk) < oo a.s. for all k. 
(This is a cr-finiteness condition.) 

(b) A random measure M on {E, B) is said to have independent increments iff M{Bi), . . . , M{Bn) 
are independent random variables whenever Si, ... , B„ are mutually disjoint members of 
B. 

(c) A random measure M on [E, B) is called a point process iff M is a Z+-valued (where 
Z+ = {0,l,2,...,oo}). 

(d) Let jLt be a cr-finite measure on [E, B). A Poisson random measure with intensity measure 
/i is a point process M with independent increments such that for every B E B, M[B) is 
a Poisson random variable with mean IJ,{B), i.e. 

F(M{B) = k) = e-"^^^ for all fc G Z+ 

Here, we use the conventions that if l^{B) = 0, then F{M{B) = 0) = 1, and if fi{B) = oo, 
then F{M{B) = oo) = 1. 

□ 

Poisson random measures have already been encountered before: 

Proposition 6.5 Let X be a Levy process in M*^. For each B G ;B(M°')\{0}, let Nt{B) = 
^g<j/s(AXs) be the number of jumps in B by time t. Define the measure v on B{W^\{Qi}) 
by ^{B) = E[7Vi(S)]. Then Nf is a Poisson random measure with intensity measure tv. 

Proof: Propn. 6.2. 

H 

Next, we deal with the matter of existence of Poisson random measures: 

Theorem 6.6 Suppose that {E,B,fj,) is a-finite measure space. Then there exists, on some 
probability space {Q,,J^,F), a Poisson random measure M on {E,B) with intensity measure 

□ 
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The proof may be found in appendix F. 

Suppose that X C R*^. By a rectangle in X, wc mean a set of the form («!. hi] x • • • x 
(orf, bd] nX. The following lemma states that a random measure which behaves like a Poisson 
random measure on rectangles is, in fact, a random measure. 

Lemma 6.7 Suppose that N : B{X) x 0, ^ R_|_ is a random measure on a Borel subset X 
of W^, and suppose that the intensity ^ of N (given by pi{B) = K[N{B)] for B G B{W^) ) is 
a -finite. Suppose that 



(i) N{B) is a Poisson random variable for each rectangle B G B{1 



(a) If Bi, B2, ■ ■ ■ , Bn are disjoint rectangles, then N{Bi), N{B2), . ■ ■ , N{Bn) are indepen- 
dent. 

Then N is a Poisson random measure with intensity fj,. 

□ 

6.4 Integration with Respect to a Poisson Random Measure 

The following important result is taken from Sato[?]. 

Proposition 6.8 Let {E, B, fx) be a finite measure space, and let N : B xil ^ N be a Poisson 
random measure with intensity measure fi. Let f : {E,B) — > (M*^, i3(M'^)) be measurable. 

(a) Then 

Z{lo)= f f{x)N{dx,Lo) 
Je 

is a random variable (with values in M!^) with characteristic function 



i.e. Z is a compound Poisson RV with jump distribution ^^-i(]gci) o.iT-d intensity 



(b) If each \f^^\x)\ ii{dx) < 00 (where f^^^ is the j^^ coordinate of f), then 

E[Z] = I fix) ix{dx) 

JE 

(c) VIe l^idx) < 00, then 



E 



Z - E[Z] 



\f{xri^{dx) 

E 
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(d) If Bi, . . . , G B are disjoint, then 

Zk= I f{x)N{dx,oj) 

are independent random variables. 

Proof: Note that Z < oo a.s. because N{E) is finite a.s. (and hence supported on a 
finite number of points). We can approximate Z by simple random variables as follows. 
Given a point p = {pi, . . . ,pa) G Z*^, let be the rectangle in M'^ consisting of all points 
y = (yi, ■ ■■,yd) satisfying 2~'^{pj — 1) < yj < 2~'^pj. Let be a point in Cp, and define 
fn-.E^R'^ by 

/„(x)= ^y;/cn(/(x)) 

Also define 

Zn{u}) = / fn{x) N{dx,Uj) 

Je 

Then \f{x) - < 2-"\/d, and so \Zn{uj) - Z{uj)\ < 2-''VdN{E,uj). It follows that 

\Zn{uj) — Z{lo)\ — > a.s. as n ^ oo. Now since Zn{uj) = J2peZ'' Vp ^{f~^{^p)i^)^ have 



= l[e^p[i,{f-\c;w^-'y^>-i]) 

= exp e'<"'^"(^)> - 1 nidx)^ 

using the definition of Poisson random measures. A.s. convergence implies weak convergence, 
so 

E[e^(»'^)] = limE[e*<"'^">] = exp (^J e^<"'^(^)> - 1 fi{dx) 



Let u^^\Z^^\ /(^^ denote the j*^ coordinates of n, Z., f. Assuming J" \ f^^\x)\ fj,{dx) < oo, 
we see that 

J e^K/W) _ 1 ^(^^) = i J /(i)(^)e*<«'/(^)) i^{dx) 

Hence 

E[Z(^)] = r^^^exp (^J e^<"'-^(^)> - 1 nidx)^ I -o " / "^^^^^^^ 
Similarly, when J /u((ix) < oo, then 

52 



and thus 



E[(ZW)2] = r^^^exp (y e^<-'/W> - 1 „{dx)^ 
= (/ /^^'^l^) li{dx)^\ I f^^Hx)^ fi{dx) 
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Finally, if 5i, . . . , Bm € B are disjoint, then define 

Zk,n = / fn{x) N{dx, u) for k = l,...,m 

where the are defined above. Then Zfc,„(t^) = Epez^i ypN{Bkr\C'^). Since the N{BknC^) 
are independent for A; = 1, . . . , m and p G Z'^, we see that ^i,n, ^2,n, • • • , -^m,n are independent 
(for all n). Now Zk^n Jb^, /(^) N{dx) a.s. as n — oo, and thus the J^^ f{x) N{dx) are 
independent also. 

H 

6.5 Jump Meeisure of a Levy Process 

Let H = (0,oo) X R'^\{0}. Every Levy process X has a Poisson random measure Jx on 
{H,B{H)) associated with it: Define 

Jx{A,uj) = #{t : {t,AXt) e A} for A G B{H),uj G n 

This is just a counting measure, and thus certainly a measure. In particular, if A = (0, t] x B, 
where B G B{W^) is bounded away from zero, then 

Jx((0, t]x B])= no. of jumps of X in 5 by time t = Nt{B) 

Proposition 6.9 Suppose that X is a Levy process with Levy measure v. Then Jx is a 
Poisson random measure on {H,B{H)) with intensity measure Xx v. 

Proof: Let fi = \ X u. If ^ = {s,t] x B, where < s < t and B G 6(M'^) is bounded 
away from zero, then Jx{A) = Nt{B) — Ns{B). Since {Nt{B))t^Q is a Poisson process with 
parameter z^(-B), it follows that 



FiJxiA) = k) = e-KB)(*-.) K^fcill! = e-'^(^)^ 

In particular, Jx is a random measure with independent increments with the property that 
Jx{A) is Poisson with mean ij.{A) for every rectangle A C H. Moreover, it is not hard to 
verify that Jx{Ai), . . . , Jx(^m) are independent if ^i, . . . ,Ajn are disjoint rectangles. By 

manipulating the sets, wc need only consider two cases: 

Case 1: Aj = {s,t] x Bj, where Bi, . . . , Bm are mutually disjoint. In that case Jx{Aj) = 
Nt{Bj) — Ns{Bj), and these are independent by Propn. 6.2(b). 

Case 2: Aj = {sj,tj] x Bj, where (si, ti], . • . , (s^, tm] are mutually disjoint intervals. In 
that case, Jx{Ai), . . . , Jx(^m) are independent by Propn. 6.2(a), because the Nt{Bj) have 
independent increments. 

Thus, lemma 6.7, Jx is a Poisson random measure with intensity fi. 

H 
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7 The Levy— Ito Decomposition Theorem 

We give present here a heuristic "proof of the Levy-Ito Decomposition Theorem in order 
to understand why is is true. Suppose that Xt is a one-dimensional Levy process. Firstly, 
we ignore all jumps whose amplitude is less than a given lower bound e, i.e. wc assume that 
X only has jumps of size > e. Then there is a strictly increasing sequence of stopping times 
< Ti < T2 < . . ■ which enumerate the jump times of X. Let Yn = AX^-^ denote the n*'^ jump 
of X, and let Nt = Y.'^=i -^{T„<t} be the counting process for the r„. Define Xf = J2nU 
to be the jump part of X. Then we can write Xt = X^ + Xf, where X^ is continuous. 

Now because X is a Levy process, so is Nf. It follows that Nt is a Poisson process. Again, 
because X has independent identically distributed increments, the arc independent and 
identically distributed, and hence Xf is a compound Poisson process. Suppose that Nt has 
parameter A, and that the distribution of the Yn is a. Suppose that a := E[y] is the common 
mean of the Yn- Then IE[Xj'^] = aAt, and Jt = Xf — aXt is a martingale. 

It is not too difficult to believe that Xt is a Levy process. Let (^ := ]E[Xj^]. By the 
properties of Levy processes, '^[Xf] = fit. Now define Mt = Xt — fit. Then Mt is a centered 
continuous Levy process, and thus a continuous martingale. The fact that Mt is a Levy 
process implies that the quadratic variation of Mt is proportional to t. For example [M]2 = 
lim||p||^o ~^tkf' should be identical in distribution to the sum of two independent 

copies of [M]i, i.e. the quadratic variation of M over [0,2] should be twice the quadratic 
variation of M over [0, 1]. By Levy's characterization, Mt is a Brownian motion, Mt = aBt. 



where ^ = fi + Xa. Now Jt is a finite variation martingale, so by Propn. 6.1 (assuming some 
integrability conditions) K[BtJt\ = AM^AJs] = 0, because B is continuous. This 

suggests that B, J may be independent, in which case the characteristic function of Xt is 
given by 



where ^{dx) = Xa{dx). 

However, the initial assumption — that we can ignore jumps of amplitude < £ — is 
not harmless. The sum of small jumps may be infinite! Nevertheless, some hard analysis 
shows that, in the limit £ — > 0, the characteristic function of Xt remains more or less in 
the above form. We do, however, need to compensate for the fact that the small jumps 
may add up to infinity by subtracting some drift, as follows: Arbitrarily assign jumps with 
amplitude < 1 to be "small", and jumps with amplitude > 1 to be "large" — there is 
nothing special about the constant 1; any other c > would do. Then, though the sum of 
the small jumps J^^^^i x Nt{dx) may be infinite, it turns out that the compensated integral 

iia;|<i^ ^t{dx) = J|3,|<ia^ []^t{dx) — th'{dx)] is guaranteed to be finite: j'\x\<i^ tv{dx) is, 
roughly, the expected sum of small jumps by time t, and subtracting the expected sum from 
the actual sum leaves us with something finite. 

Without further ado, here is the statement of the Levy-Ito Decomposition Theorem. 
Bretagnolle's[?] proof of this theorem may be found in Appendix G. 



Thus 



= 7t + GtBt + Jt 
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Theorem 7.1 (Levy-Ito Decomposition) Lei X be a d-dimensional Levy process. Then X 
has decomposition 

Xt = jt + Bt+ x[Nt{dx)-tv{dx)\+ xNt{dx) 

J\x\<l J\x\>\ 

Here, 7 := E[Xt - Jj^,^^ x Nt{dx)\ G W^. 

Bf is a centered Brownian motion with covariance matrix A. 

The process x [Nt{dx) — tu{dx)] is a martingale independent of Bt- 

For each B G BiW^) hounded away from zero and each f ■ Ib & '^^(^); is independent 
ofJ^f{x)Nt{dx). 

Furthermore, f^^ fi Nt{dx) and J^^ f^ Nt{dx) are independent whenever Bi,B2 are dis- 
joint Borel sets which are bounded away from zero (assuming fi ■ Ibi, f2 ■ IB2 € ). 
The measure v is a Levy measure, i.e. satisfies |xp A 1 ^{dx) < 00, and I'iO} = 0. 

□ 

The structure of the Levy exponent (in the characteristic function) of a Levy process is now 
apparent: 

Corollary 7.2 Let X be a d-dimensional Levy process. Then 



E[e^(".^*>] = exp 



t (i{u,j) - l.{u,Au) + [ e*<"'^> - 1 - i(n,x)/u|<i u{dx) 



Proof: By independence, the characteristic function of Xt is the product of the characteristic 
functions of ^t + Bt, J^^^^i x Nt{dx) and J^^^^^ x [Nt{dx) — ti'{dx)]. 

Now E[e^<"'^*+-^*>] = exp[t(i(n,7) - l{u,Au))]. 

Further, by Propn. 6.8, Jj^-j^^ x Nt{dx) is a compound Poisson process, with characteristic 
function exp(t jj^i^-^ g«(«,s;> _ 1 ii(^dx)). 

Finally, Jj^|<^ x [Nt{dx) — tu{dx)\ is a limit of compensated compound Poisson processes 
I^<\x\<i^ [iVt(dx) — tv{dx)\, each of which has characteristic function 

exp I t I e*^"'^^ - 1 v{dx) ) exp ( i{u,t / x v{dx) ) 

The limit of this sequence of characteristic functions is clearly 



exp ( i / e^<"'^> -l-i{u,x) u{dx) | 



The result now follows easily by multiplication. 



As an immediate consequence, we have the Levy-Khinchin Formula. This result is often 
established prior to proving the Levy-Ito Decomposition Theorem (cf., e.g., Sato[?]), but here 
it follows as a by-product: 
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Theorem 7.3 (Levy-Khinchin) 

(a) If fjL is an infinitely divisible distribution on (M*^, i3(M'^)), then its characteristic function 
has the form 



p,{u) = exp 



i{u,j) - l.{u,Au) + f e^<"'^> - 1 - i{u,x)L^\<i u{dx) 

2 jRd 



(*) 



where A is a symmetric non-negative definite d x d-matrix, 7 G M*^ and u is a a Levy 
measure on (i.e. a measure satisfying ^"{0} = and J^a \x\'^ A 1 iy{dx) < 00). 

(b) Conversely, given a symmetric non-negative definite d x d-matrix A, a Levy measure 
u on M*^ and 7 G M!^, then there is an infinitely divisible distribution fj, on whose 
characteristic function is given by (*). 

(c) The representation of p, by A, v and 7 is unique. 

Proof: (a) Let fi be an infinitely divisible distribution on W^. By Thm. 2.10, there exists 
a Levy process X such that fi is the distribution of Xi. The result follows directly from the 
Levy-Ito decomposition theorem and its corollary, 
(b) For neN, let 



<fn{u) = exp 



7) - i {u, Au) + / e*<"'^> - l-i{u, x)L^\<i v{dx) 

^ ■l\x\>'' 



Note that because is a Levy measure, we have h'{{\x\ > ^}) < 00. It follows that is the 
characteristic function of the convolution of a Gaussian distribution and a compound Poisson 
distribution, and thus infinitely divisible. The limit in distribution of these is therefore also 
infinitely divisible. This limit clearly has characteristic function (*). 

(c) Any two Levy processes given by the same infinitely divisible distribution are iden- 
tical in law. u determines the law of the jumps of the associated Levy process, and must 
be unique. Removing the jumps, A determines the quadratic variation of the associated 
continuous process, and must therefore be unique. It now follows easily that 7 is unique also. 

H 

Finally, for stochastic integration, it is important to note that Levy processes are semi- 
martingales: 

Theorem 7.4 Every Levy process is a semimartingale. 
Proof: we can write Xt = Mt + At where 

Mt = Bt+ X [Nt{dx) — tu{dx)] is a martingale 

J\x\<l 

and 

At = 'jt+ / xNt{dx) is a process of locally finite variation 

J\x\>l 

(because At has a.s. only finitely many jumps in each bounded interval.) 

H 
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8 Sample Path Properties of Levy Processes 

This section is taken mainly from Sato[?]. Let X be a Levy process on M'' with generating 
triplet (A, 7,1^). Also, for < a < b), let D{a,b) C be the disc D{a,b) = {x e R"^ : a < 
\x\ < b}. Let J be the jump measure of X, i.e. 

J(A, Lo) = #{t : (t, AXt) G A} for A G B{{0, oo) x M^\{0}) 

and let Nt{B) = J{{0,t] x B). Also define, for e > 

J,{t,uj) = J{{0,t] X L'(e,oo)) = Nt{{\x\ > e}) 

Xe{t,u!) = / X J{d{s,x),oj) = / X Nt{dx) 

J{0,t]xD{e,oo) Jd(s,co) 

J{t, uj) = J((0, t] X D{0, oo)) = lim J^{t, uj) 

Proposition 8.1 (Continuity) Sample paths of X are continuous iff v = 0. 

Proof: Note that J is a random measure with intensity measure X x ly. Je{t) (the number 
of jumps with amplitude > e by time t) has mean E[j£(i)] = IE[J^q ^^^^^^ J {d{s , x) ^ uj)] = 
tv{{\x\ > e}). Hence the no. of jumps is zero a.s. iff = (using the fact that if ^ > a.s., 
then^ = a.s. iffE[^] =0). 

H 

Proposition 8.2 (Jumping times) 

(a) If v(M.'^) = oo, then a.s. jumping times are countable and dense in [0, oo). 

(b) IfO< < oo, then a.s. jumping times are countably infinite in increasing order. 
Moreover, the interarrival period between jumps is exponentially distributed with mean 
l/u{R'^). 

Proof: Any cadlag process, and hence any Levy process, can have at most countably many 
jumps. Let be the first time t that |AXt| > e. Clearly T^iuj) < t iff A^t({|a;| > s}) > 1. So 

^Teiuj) <t) = l- F{Nt{{\x\ > £}) = 0) = 1 - e-M{kl>4) 

because Nt is a Poisson random measure with intensity measure tu. It follows that if := 
^{Ixl > e} > 0, then is exponential with mean l/c^. (If = 0, then X has no jumps of 
size > £.) 

Now suppose first that z/(M'^) = oo., then for any t > 0, we have 

limP(Te <t) = l- lime-*^({l^l>^» = 1 

It follows that limTe = a.s. (as is decreasing in £, and bounded below by 0, hence 

convergent at £ | 0). It follows that, a.s. i = is a cluster point of jump times of the path 
Xt{oj), i.e. there is a set fio ^ such that P(0o) = 1, and such that for any lo G flo, the 
time t = is a limit of jump times of Xt{uj). By the strong Markov property, any u > is a 
cluster point of jump times also, i.e. for any u >0 there is a set fi^ C such that P(r2u) = 1, 
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and such that for any uj E flu, the time t = is a right Hmit of jump times of Xt{u;). Let 
fl' = f]g^Q+ fiq- Then for every a; G $7', every rational time is a cluster point of jump times 
of Xt{uj), and P(r2') = 1. Hence the set of jump times is dense 

Next, assume instead that < i/(M"') < oo. Then J{t) is a Poisson with mean < oo, 

and J{t) < oo a.s. It follows that the jump times of X are enumerable in increasing order, 
and the strong Markov property guarantees that there are infinitely many jumps. Moreover, 
the first jump time is r = lim^^o is exponential with mean lim ^^||^|^^|^ = ^j^^^y ) is easily 

seen by looking at the characteristic functions. By the strong Markov property, the same 
holds for all interarrival times. 

H 

Next, we introduce the notion of drift: Recall that, by the Levy-Ito decomposition The- 
orem, we may decompose a Levy process as follows: 

Xt = -rt + Bt+ / x[Nt{dx) - tiy{dx)] + / xNt{dx) 

J\x\<l J\x\>l 

The term Jj^|<^ x[Nt{dx)—ti'{dx)] includes a compensation term, to take care of the possibility 
that Jij.|<i X Nt{dx) might be infinite. However, Nt is a Poisson random measure with intensity 

measure tv, and so E[|j^|^-^ x Nt{dx)] = t Jj^|<;^ x v{dx). It follows that if Jj^|<;^ \x\ v{dx) < oo, 
then also Jj^|<^ x Nt{dx) < oo a.s., and hence the compensation term is not necessary. Thus, 
in the case that Jj^-j^^ ^{dx) < oo, we may write the Levy-Ito decomposition of X as 

Xt = Jot + Bt+ I x Nt{dx) where 70 = 7 — / x u[dx) 

Jr<^ J\x\<1 

The vector 70 is called the drift of the Levy process X. Note that a Levy process has drift 
only if \x\ u{dx) < 00. It is now easy to see that the characteristic function of such a 

Levy process 

E[eiK^*>] = exp \t(i{u, 70) - hu, Au) + / e^<"'^> - 1 iy{dx) 

Sample paths of a Levy process with drift are easy to visualize: Each path is a sum of a linear 
drift, a Brownian motion and jumps. Note that if i/(M'^) < 00, then X has a drift. However, 
there are also Levy processes with drift for which i/(M'^) = 00 (e.g. the gamma process). 
Following Sato[?], we define a Levy process X on with generating triplet {A,u,j) to 

be 



Of type A: if ^ = and < 00 

Of type B: if A = 0, u{R'^) = 00 and Jj^|<;^ |x| u{dx) < 00 
Of type C: else, i.e. if ^ 7^ or Jj^|<]^ \x\ v{dx) = 00. 

These types exhaust the possibilities. Note that types A and B are Levy processes with drift. 
Moreover, type A consists of processes that have jump times increasing in order, whereas 
types B,C have jump times dense. 
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Proposition 8.3 (Increasingness) A one-dimensional Levy process X is increasing iff it 
A = 0, i'{—oo, 0) = 0, J^Q X i'{dx) < oo and has drift 70 > 0. 

A subordinator is an increasing (and thus 1-dimensional) Levy process. 

Proof: <^=: First note that Since E[J((0,i] x (— oo,0))] = oo,0) = 0, we see that X has 
a.s. no negative jumps, so that 



Xt = Jot + X Nt{dx) a.s. 

^(0,00) 



'(0,00) 

It follows immediately that X is increasing. 

If X is increasing, it cannot have negative jumps, form which it follows that 00, 0) = 
0. Next, note that each process Xt — X^it) is increasing also, being X with some of its jumps 
removed. In particular, Xt — X^{t) >Q. Define 



Xt = \imXS) 



(0,00) 



X Nt{dx) 



This limit exists, because X^{t) is increasing as £ | 0, and bounded by Xt, as X is increasing. 
Now each Xs{t) is a compound Poisson process with Laplace transform 



(e,oo) 



e-«^ - 1 u{dx) 



exp 



t e — 1 + 11x1(0 1] (x) i'{dx) — tu X v{dx) 



where u > 0. By the dominated convergence theorem, E[e-"^^(*)] Efe""^*] as e j 0. 
Since /(^ e""^ — 1 + 'ux7(o,i](x) ^{dx) tends to /(q 00) — 1 + ""3:7(0,1] (x) ^{dx) < 00 

and J^^ ^ X i/{dx) tends to J^q ^ x u{dx) as e J, 0. Since E[e~""''-*] > and J^q e""^ — 1 + 
ux7(o,i](x) z/(dx) < 00, we must have J^q -^j x ^{dx) also, i.e. X has , which we denote 70. It 

follows that we may write Xt = jot + Bt + /(q x Nt{dx) = 70* + Bt + Xt- Since Xt — Xt > 0, 
it follows that Bt = 0, i.e. that ^4 = 0. 

H 

Recall that if / is a function / : [0, 00) M'^, and if < ti < t2 < 00, then the variation 
V{f; (^1,^2]) of / over the interval (ti,t2] is defined by 



y(/;(ii,i2]) = sup^|/(s,)-/(s,_i) 



Proposition 8.4 If X is of type A or B, then sample paths of X are a.s. of finite variation 
on {Q,t\. If X is of type C, then sample paths of X are a.s. of unbounded variation on {0,t]. 

Proof: First suppose that X is of type A or B. Then J^^q ^ \x\ u^dx) < 00. Define 
Ut= [ |x| Ntidx) = V \Xis) - X{s-)\ 

JD(0,oo) nt3-. 



0<s<t 



Sample Path Properties of Levy Processes 



28 



We first claim that Ut < oo a.s. Indeed, we have Ut = J^j^^^ |x| Nt{dx) + J^^j^ |x| Nt{dx). 
The second term is obviously finite. The first term has expectation lE[/£)(o ij l^^l ^t{dx)] = 
t Jj-^^Q |x| u{dx), which is finite also. Hence Ut < oo. Since Xt is of type A or B, we have 

Xt = 7oi + / xNtidx) = 7ot + V - X{s-)) 

Jd(0,Oo) n^„^* 



0<s<i 



Clearly, V{X; {0, t]) = Ijolt + Ut < oo, i.e. X is of finite variation on (0,t]. 

Next, suppose that X is of type C. Then either A 7^ or J^^.^ -^j |x| ^{dx) = 00. Assume 
first that [j^^^q^ \x\ u{dx) = 00. Define Ut as above, and note that Ut = lim.Ue{t), where 



£j,0 



^eii) = lD(e 00) 1^1 ^t{dx). Each Ue{t) is a compound Poisson process with Laplace transform 



I 

JD{e,oo) 



o-u\x\ 



1 u{dx) 



exp 



t I e 

D{e,oo) 



-u\x\ _ 1 _|_ u\x\IjytQ l^{x) v{dx) — tu \x\ u{dx) 

JD{e,l] 



for u > 0. If we assume that /^^(o 1] 1^1 '^(d,^) = °o, then E[e — »■ as e J, 0. Thus 
Ut = 00 a.s. for any f > 0. Since clearly V{X; (0,t]) > Ut, we see that X is a.s. of unbounded 
variation on (0,t], for any t > 0. 

It remains to show that if X of unbounded variation on (0, t] if it is of type C with A ^ 
(dx) < 00. In that case, X has drift: Xt = 70* + Bt + J^,q ^ x Nt{dx). The 



(0,1] 



\X\ V 



and 

process 70* + Jj^^^q x Nt{dx) is of bounded variation, whereas Bt is (as is well-known) of 
unbounded variation on (0,t]. The result follows. 

H 

Proposition 8.5 Suppose that X is of type A or B. Let Vt = V{X; {0,t]) be the variation of 
X. Then Vt is a subordinator with Laplace transform 



,-uVt-\ _ 



exp 



t f e-"l^l - 1 u{dx) - |7o|ui 



for u > 0. Hence Vt has drift |7o| and Levy measure defined by t'o(-B) = Ib{\x\) u{dx) for 
B € i3(M). 

Proof: As in the proof of Propn. 8.4, we have Vt = |7o|i + Ut, where 
Ut= f \x\ Nt{dx) = V \X{s) - X{s-)\ 



0<S<t 



It is not hard to see that Vt is cadlag with independent increments. Define Us{t) = J^^^ |x| Nt{dx) 
so that Ue{t) is compound Poisson with 



E[e 



-u{Ue{t)-Ue{s 



exp 



{t- s 



) [ e-"l^l - 1 z/(dx) 

JD{e,oo) 
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In the limit e J, 0, we obtain 

(t-s) [ e-"l^l - 1 

and it follows that 14 is a Levy process with the stated Laplace transform. Since /]gci(e~"'^' — 
1) i'{dx) = J^{e~'^^ — 1) VQ{dy), vq is the Levy measure of Vt. 



E[e-"C^*-^»)] = exp[n|7o|(t - s)] exp 
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A Technical Results about Infinitely Divisible Distributions 

The following are taken from Sato[?]: 

Lemma A.l // /x is infinitely divisible, then fi{u) ^ for any u G W^. 

Proof: First note that if is a probability distribution, then |z>p is a characteristic function: 
Indeed, if we define t'(-B) = u{—B), then |i>p = v *u. 

Suppose that /x is infinitely divisible, and that = /i" for n € N. Then = 
Note that \fi{u)\^/'' 1 if (i{u) / 0, and that \ix{u)\^/'' ^ if ji{u) = 0. Let 

n I if ii[u) = 

Since ft is continuous, and since /i(0) = 1, we must have /i / on some neighbourhood of 
0. It follows that (p is continuous on a neighbourhood of 0. Since (p is also a pointwise limit 

of characteristic functions, it is itself a characteristic function, and thus continuous, by Thm. 
2.3. Hence ip =1 identically, and thus ji{u) cannot equal at any point. 

H 

Lemma A. 2 Suppose that ip -.W^ ^ C is a continuous function with (^(0) = 1 and ^p{u) ^ 
for any u ^W^. 

(a) There is a unique continuous / : M'' — > C such that (p{u) = e^^'^\ 

We write f{u) = log(p{u) and call it the distinguished logarithm ofip. 

(b) For any n G N, there is a unique continuous : M*^ — C such that gn{0) = 1 and 
gn{uY = ip{u). In fact,gn{u) = e^^^^^. 

We write gn{u) = (p{u)n, and call it the distinguished n^^ root of (p. 

Remsirks A. 3 Note that (p{ui) = p{u2) need not imply that f{ui) = f{u2)- For example, 
ii(p>:m.^€.:u^ e^™, then = 2mu. Now 93(0) = ^7(1), but /(O) ^ /(I). Hence / is 
not simply the composition of a branch of the complex logarithm with ip. 

□ 

Proof: This proof requires some knowledge of complex analysis, 
(a) Let log^^^ z denote the complex logarithm, a multifunction: 

log*-"^-* z = log \z\ + i arg z 

where argz is any argument of z, determined up to a multiple of 2tt. For a fixed u G W^, the 
map p{tu), < t < 1 traces a curve in C\{0} starting at 1. Let hu{t),0 < t < 1 be the unique 
branch of log^^^ p{tu) which has hu{0) = and such that hu is continuous in t. Now define / 

by 

fiu) = huil) 

Clearly /(O) = ^o(l) = 0. Also, e-^^") = e'*"^^) = (p{u). It therefore remains to show that (i) 
/ is continuous, and (ii) / is unique. 
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First, we show that / is continuous. Fix uq G M'', and let uW^ with u ^ uq. We want to 
show that f{u) is close to /(uq) when u is close to uq. Define 7uo,w '■ [0, 3] — by 



tuo if < t < 1 

{t - l)u + (2 - t)uo if 1 < t < 2 
(3 - t)u if 2 < t < 3 



Thus 7uo,« traces a triangle from to to tt to — a closed curve in W^. Hence ip{'y{t)) traces 
a closed curve in C\{0} starting and ending at 1. Let 0uo,u(*)'O < t < 3 be the branch of 
arg (/p(7„Q^u(t)) which is continuous in t and has 6uo,u{0) = 0. Now the set {(p{tuo) : t G [0, 1]} 
is a compact subset of C which does not contain 0, and hence is a strictly positive distance 
away from zero. Furthermore, max^gjo,!] Ivitu) — ip{tuo)\ as u ^ uq, because continuous 
functions on compacts are uniformly continuous. Now the closed curve ip{'yuo,u{t)),0 <t<3 
is obtained by gluing three curves together, namely the curve (p{tuQ),0 < t < 1, the curve 
(p{tu + (1 — t)Mo),0 < t < 1, and the curve ip{tu),0 < t < 1. Thus if we take u sufficiently 
close to Uq, then the third curve is very close to the first curve, but traces it in reverse. 
If u is sufficiently close to uq, the region enclosed by the closed curve must exclude the 
origin (as the first part of the curve is a positive distance away from the origin, and the 
other parts lie very close to it). Thus if u is sufficiently close to uq, the winding number 
of the closed curve ip{'yuo,u{t)),0 < i < 3 is zero. It follows that 0uo,«(3) = for all w in a 
neighbourhood of uq- Now consider f{u) = ^«(1), where hu is the unique continuous branch 
of log^'^^ ip{tu) = log\ip{tu)\ + iaigip{tu) with hu{0) = 0. Thus Im/(ii) is an argument of 
(p{u), and indeed Im/(u) = 0„„^u(2) (for u in a neighbourhood of uq). The continuity of 
6uo,u implies that lm.f{u) is close to Im/(tio) whenever u is close to uq, and thus that / is 
continuous (as Re/(n) = log \ip{u)\ is obviously continuous). 

Next we show that / is unique: Suppose that / is another continuous map from to C 
which satisfies e-^^"-* = (p{u) and /(O) = 0. Then t ^-^ f(tu),0 < t < 1 is clearly a continuous 
branch of log*-*^^ ^{tu), with C'^^"^ = 1. It follows that f{tu) = hu{t) (by uniqueness of hu), 
and thus that f = f. 

(b) Clearly gniu) = e-^"^")/" satisfies all the requirements. Uniqueness, follows as above, 
noting that the complex n^^ root of z is |z| a multifunction which must have a unique 

continuous branch hn satisfying /i„(l) = 1. 

H 



Corollary A.4 If /j, is an infinitely divisible distribution on W^, then there is, for each n G N, 
a unique fin such that /x" = /x. Moreover, fin = p-^ ■ 

Proof: By Lemma A.l, /i(«) 7^ for any u G M'^. Hence, by Lemma A. 2, there is a unique 
continuous gn with gn{0) = 1 such that fi{u) = gniu)^ (i-e. gn = fi^)- Now since /x is infinitely 
divisible, there exists a probability measure with ji = /x^, i.e. /i = fl^. Uniqueness implies 
that fin = gn- If IS another measure such that vl^ = fj,, then also i/„ = gn, i.e. fin = I'n, 
and so iJin = ^n, by Theorem 2.3 (Uniqueness). 

H 

Note that it isn't generally the case that /x" = v'^ implies 11 = v. This does follow if fx or 
u is infinitely divisible, as is easy to see. 
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Proposition A.5 are infimtely divisible (for n eN) and if fin ^ IJ- weakly, then ji is 

infinitely divisible. 

Proof: We first show that ji{u) ^ for any u G W^. Now /i„(u) fi-iu), by GHvenko's 
Theorem, and so lAnNp/'' ^ If^y)]"^^^ for G N as n oo. Each l/x^p/'^ is itself a 
characteristic function, namely tlie fc*'^' root of the transform of tlie convohition fin * f^n of 
two infinitely divisible distributions (where fin{B) = 5)). Since \fi{u)\'^/^ is continuous, 
it is a characteristic function, by Thm. 2.3 (Levy continuity), and so |/i(ti)P = {\fi{u)\'^/'^)^ 
is the characteristic function of an infinitely divisible distribution. In particular, by Lemma 
A.l, |/i(u)p 7^ for any u G W^, and thus fi{u) ^ for any u. By Thm. 2.3 (Glivenko), 
l^n ^ jj- uniformly on compacts, and thus, by construction of the distinguished logarithm, 
we see that log/i„ log/i uniformly on compacts. In particular, jlni'^^Y^^ ~^ fj}/'^(u) (recall 
fl^/^(u) = efc'°^'^^"^). Since fi^/^ is continuous, it is a characteristic function, by Thm. 2.3 
(Levy continuity), and hence fx is infinitely divisible. 

H 

B Proof of Existence of Levy Processes 

We follow Sato[?] for the proof of the next theorem: 

Theorem B.l Let fi be an infinitely divisible distribution on {W^,B{W^)). Then there is a 

Levy process in law X such that fi is the distribution of Xi . 

Moreover, if X' is another such Levy process, then X, X' are identical in law. 

Proof: We apply Kolmogorov's existence theorem: Let U = (M'^)[°'°°) be the set all functions 
Lo = uj{t) from [0, oo) to M.^, and let Xt{u!) = u!{t) be the coordinate process. Equip CI with 
the cj-algebra T generated by X, i.e. T is generated by the so-called cylinder sets, which are 
sets of the form 

C={io:Xt,{uj)eBo,...,Xt„GBn} 
where < io < < • • • < *n and ^o, • • • , -B„ G B{R'^) 
For such tk,Bk, define 

fJ'to.,...,tABo X ••• X S„) 

J f/°idyo) 7Bo(yo)/^*'~*°(c^yi) IbAvo + 2/i) • • • fi*"~^"-' (dyn) IbAvo + • • • + yn) 

This defines fito,...,tn rectangles in B{(M.'^)"'~^^). By standard measure-theoretic argument, 
M<o,--->*n be extended to a unique measure on B{{M.'^)"'~^^). It is easy to verify that the 
t^to,-.,tn satisfy the so-called consistency condition of the Kolmogorov existence theorem, i.e. 
that when Bk = we have 

fJ'tQ,...,tniBo X • • • X Bn) = fJ'to,...,tk-i,tk+i-,tniBo X • • • X Bk-1 X Bj^^i X Bn) 

The Kolmogorov's existence theorem now guarantees the existence of a unique measure P on 
J- which has the fitQ,...,t„ as its finite-dimensional distributions, i.e. for which 



F{Xt, G Bo, ■ • . Xt^ G Bn) = fito,...,tABo x---xBn) 



Proof of Existence of Levy Processes 



33 



Thus 



F{Xt eB) = fit{B) = J f/{dy) lB{y) = fi\B) 



i.e. Xt has distribution and, in particular, Xi has distribution f^. 

We will now show that Xt is a Levy process in law: It is straightforward to show that 

E[f{Xt„ ...XtJ] = J ...J f{yo, yo + yi,...,yo + ... yn)fi'°{dyo)fi''-'°idyi) . . . ii'--'-^ {dyn) 

for every bounded measurable /. In particular, for -ui, . . . , it„ G M*^ we have 



E 



n 



Thus, with n = 1, we see that 



E 



J{u,Xt-Xs) 



I 



which proves that Xt ~ Xg has distribution /x* and thus that X has stationary increments. 
Furthermore, we can now deduce that 



E 



n 



J(uj,Xt.-Xt._j^) 



which shows that Xt has independent increments. 

It remains only to prove that X is continuous in probability. Now we have ^u* ^ in 
distribution as i | 0, i.e. Xt ^ m distribution. Convergence in distribution to a constant 
implies convergence in probability, and thus lim^jo IPd-^tl > e) = for any e > 0. But then 



lim¥{\Xt - Xs\ > e) 



lim W(\X\s_t\ \ > e) 







by stationarity of increments. 



Theorem B.2 If X is a Levy process in law, then there is a unique^ modification Y of X 
such that Y is cadlag, and therefore a Levy process. 

Proof: 

For u G M.^, let (pt{u) = E[e*^"'^*^] be the characteristic function of Xt. (Then (pt{u) = 
g-ttl;{u) £qj. sQjng continuous tjj, and hence (pt is continuous.) For each u G M'', the process 



J{u,Xt) 



is a complex-valued .?^t-martingale (cf. Propn 3.1 Now it is well-know that every martingale 
has a cadlag modification (cf. , e.g. Revuz and Yor[?] Thm II.2.9). If N^- is a cadlag 
modification of M", then 



^unique up to indistinguishability. 
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is a null set, from which it follows that is cadlag on Q+. Thus for almost every lo, the map 
q I— ^ Mg{uj) is right-continuous with left limits (RCLL) on Q_|_. It follows that, for almost all 
CO, the maps q i-^ e}{^^^q) is RCLL also on Q+. Hence for almost all w, the map q i— > e'^"'^"^ 
is RCLL on Q+ simultaneously for all u G Q*^. 

We now show that the map q ^ Xq{u>) is RCLL on Q+. For suppose that this map doesn't 
have left limits on Q+. Then we can find q G Q+ and q-n 1 Qi Qn 1 Q such that lim„^oo ^qni'^) — 
a ^ a' = lim^^oo -^q'„- We may then choose u € Q'^' such that {u, a — a') 27rfZ, and hence 
lim„ e*^"'"''"''"^ 7^ lim„ e*^"'"''"''"^ which contradicts the fact that q i-^ g*("'^9) has left limits on 
Q+. A similar argument, with q'^ [ q, shows that q i-^ Xq{co) is right-continuous for almost 
all LO. 

Let N be the null set of a;'s for which the map q i— Xq{Lo) is not cadlag. Define, for t G M+ 



lim XJu) ifueN" 
else 



Then Y is clearly cadlag. Moreover, because X is continuous in probability Because J^t 
contains all the P-nuU sets of and is right-continuous, we see that Yf is adapted to J^f 
Because X is continuous in probability), we have Xg — > Xg in probability, and thus in 
distribution, as q [ t. By the dominated convergence theorem, we therefore have 

E[e'^'''^'-^'^] = lim E[e^<"'^«-^*>] = 1 

qlt,qeQ 

It follows that P(lt 7^ Xt) = 0, i.e. that y is a modification of X. It is now immediate that 
Y has independent identically distributed increments also, and thus that y is a Levy process. 

H 



Remarks B.3 The above proof uses martingale theory to prove the existence of a cadlag 
version of a Levy process in law. Sato provides a direct proof of a stronger result: Every 
additive process in law has a cadlag version. The martingale proof cannot extend to this, 
because not every additive process is a semimartingale (e.g. every deterministic process is 
additive, but it is a semimartingale only if it is of bounded variation on compacts). 

□ 



Corollary B.4 Let jjL he an infinitely divisible distribution on {W^,B{W^)). Then there is 
a Levy process X such that fi is the distribution of Xi. Any two Levy processes with this 
property are identical in law. 



C Right— Continuity of Filtration 

Wherever filtrations are mentioned in a continuous-time context, it is almost always assumed 

that the usual hypotheses hold. Recall that a filtration {J-t)t>o is on a probability space 
(O, J-', P) said to satisfy the usual hypotheses if (i) J^q contains all the P-null sets in J^, and 
(ii) J^t = r\s>t'^'^ (^•^- filtration is right-continuous). A filtration J^^ can always be 
augmented to satisfy the usual conditions: 
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(1.) First define JT" = a{J^^[jM), where M is the set of P-nuU sets in JT. Note that = 

{X eJ^:3A,Be exes a b\A e M)}. 

(2.) Then define J^t = flsx ^t- 

Then (^t)t is the smallest filtration which contains {J^°)t and satisfies the usual conditions. 
Thus to construct the augmented filtration J^t of J-°, we must proceed in two steps. The 
main result of this section shows that if J^" is the natural filtration of a Levy process X, 
i.e. if = a{Xs ■ s < t), then the second step is unnecessary: The filtration is already 
right-continuous (and so J^t = ^t)- 

First note that if {Mt) is a .Ff-martingale, it is also a .Ff-martingale: For if E[Mt|.F°] = 
Ms, then Mg is certainly also .Fg-measurable. Moreover, if X G JT^, and \i A,B € J-° such 
that yl C X C S and B\A G N, then E[Mt;X] = E[Mt;^] = ^Ms;A\ = E[Ms;X]. This 
shows that E[Mt|:F^] = Ms a.s. 

As a consequence, if Xt is a Levy process with natural filtration then the martingales 
= defined in Propn. 3.1 are also .^I'-martingales. We need this in the proof of the 
next result. 

Theorem C.l Let X he a Levy process on ($7,.^, P) with canonical filtration {J-f)t, and let 
Qt = a{J-°yjN) (where N is the collection of¥-null sets in T). Then {Qt)t is right-continuous. 

Proof: We follow Protter[?]: Let = r\s>tQs- We must show that = Qt- We first 
show that 

for all < si, . . . , Sn and all ui, . . . G K . Now if si, . . . , Sn < t, then equality is obvious, 
as both sides are equal to e'^J=i^"^'"^'''j\ It therefore remains to show that the result holds 
for si, . . . s„ > t, and for notational simplicity, we shall prove it for the case n = 2, d = 1. 
For -u G M, let = where (pt{u) = E[e*''^*]. Then is a ^j-martingale (cf. Propn. 

3.1 and the remarks prior to the statement of this theorem). For S2 > si > t and ui,U2 G M, 
we have 

wit 

= lunips,{u2)E[e'''^''nM^^^\g^] 

wit 

= Iim99,,(u2)^[e*"^^^i ACig^] 

wit 

= ^s2-sA^2) limE[e^("i+"2)^^i \g^] 

wit 

(using the fact that the characteristic function of Xt is of the form (pt{u) = e*^^"^) 

= lime^(«i+"^)^-v5si-«,(ni + U2)vs,-sA^2) 

wit 

= e^("l+"^)^V.i-t(^^l + U2)^s,-sA^2) 

Similar reasoning shows that also 

and hence E[e*("i^=i+"2^=2)|g^+] = E[e*("i^''i+"2X,2)|g^]_ j^g^^g ^^^^ shown that (*) holds. 
Now 

M = {e'S"=i<"^'-^''j> : n e N, si, . . . , Sn > 0,ui, . . . ,Un e R"^} 
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is a multiplicative class closed under conjugation. Let 

n = {Z :Z a bounded RV with E[Z\gt+] = E[Z\gt]} 

Then H is a vector space satisfying TC 5 Ai. By a monotone class theorem, TC 13 ha{M) = 
bc(Us<cxD -^s)' ^ contains every bounded (T((Jg^^ .F°)-measurable RV, i.e. E[Z|^f+] = 
E[Z|^t] for every Z G ba{[Jg^^ Since every event in Qt differs from an event in JF^ by a 
null set, we can conclude Qt and Qt+ differ at most by null sets. But both Qt, Qt+ include M, 
and hence Qt = Qt+- 

H 

D Levy Processes without Jumps — sans Levy Characteri- 
zation 

Here follows Bretagnolle's[?] direct proof of the fact that continuous Levy processes are Brow- 
nian motions. 

Proposition D.l If Bt is a one- dimensional centered Levy process with continuous sample 
paths, then there is a & such that 

Hence Bt is a Brownian motion. 

Proof: Since Bt has no jumps, it has moments of all orders, and thus its characteristic 
function is C°°. Now recall that E[e*"^'] = e"*^^"^ for some function ip. Since V''(0) = 

(because Bt is centered), wc sec — by differentiating repeatedly, and evaluating at n = 
— that E[Bf\ = Y,Q^k<n^kt^ some at G C. Now KB^ = -tip"{0). By scahng, we may 
assume that EBf = t. Now let tt = {0 = to < < • • • < ^iv = be a partition of [0, t]. Then 

E[{AkBf] = Akt 

where AkB = Bt,.^-^ — Bt,., A^t = tk+i — tfc. By Taylor's formula (second order) there exist 
lat I 

there exist 6k G [0, 1] such that 



e G [0, 1] such that e^"^ = 1 + iux - \u^e^'^^''x^ = 1 + iux - \u^x^ - \u^x\e^'^^'' - 1]. Thus 



Define (pk{u) = E[e*"-^**]. Then 



iuAkB - \u'^{AkBf - i«2(A^B)2[e*"^'=^'=^ - 1] 



^^iuBt - 1] = ^ E[e™^'fc+i - e'^'^'k] 

0<k<n 

= E[e^"^'fe] • (e [iuAfcS - lu\AkBf - ^u\AkBf[e'''^'^^>'^ - 1]]) 

0<fe<n 

= 0-1^2 J2 ¥'ik(n)Afet-i«2 J2 (^fc(u)E[(AfeB)2[e-^^A,B_i] 



0<fe<n 0<fe<n 
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using the fact that increments are independent with mean zero and variance At. Now 

V (pk{u)Akt [ e-"'^^") ds as mesh(7r) ^ 



0<k<n 

Next, we investigate the third term, i.e 



0<fc<n 



By Taylor's Theorem, we have 



n-l 

E 



{ix) 



k=0 

Thus 

^^iudkAkB jf.\u\\AkB\ for some \jk\ < 1 

using the fact that \9k\ < 1 also. Now define, for a > 0, the event 



, , + 7 — - for some 7 G C with h\ < 1 
kl n! 



Aq, = {sup sup \Bj. — Bs\ < a} 

i ti<r,s<ti+i 

Then on we have |e««^'fc^fe^ _ | < a\u\, whereas on A^ (and, in fact, everywhere) we have 
umefeAfeB _ i| < 2. Hence we see that 



0<fc<n 

<1\uf [ ^(A,5)2dP+H2 / ^{AkBY^ 



dF 



0<k<n 



+ \u\ 



y 0<fc<n 



by Holder's £^-inequality 



< ^\u\H + |n| VlP(^^)[0(t + t^ + 

taking into account the condition on moments given above. Now as mesh(7r) — > 0, we have 
P(yl^) , because the sample paths of B are a.s. continuous (and thus a.s. uniformly 
continuous on [0,t]). It follows that 



lim 

mesh(7r)— »0 



0<fe<n 

Since a > was arbitrary, this implies that 



< ^\u^\t 



lim in^ V (^,(u)E [(AifcB)2[e-^'=^'=^ - 1] 
mesh(^)^0 ^^^^^ L 



= 



Consequently, 



- 1 = E[e^"-^* - 1] = -lu'^ Tg-^V-H 

Jo 



which implies that iIj{u) = \. 
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E A Technical Result on Jumps of Martingales 

We work on a stochastic base (fi,^, P, {J-'t)t>o)j assumed to satisfy the usual conditions. All 
processes are assumed to be cadlag and adapted. 

Lemma E.l Suppose that f,g : [0,t] M are two cadlag functions, null at zero, and that g 
is of finite variation on compacts. Let 7r„ = {0 = < < • • • < t^^^^ = t} be a sequence of 
partitions of [0,t], with mesh{'Kn) — 0. Then 

Jim - • (5(^^+1) - aim) = E ^/(«) • ^9{s) 

0<i<N{n) s<t 

Proof: Define functions i!^, t!l : [0, t] ^ M by 

0<i<N{n) 0<i<N{n) 



Then 



0<«<Ar(n) 



0<i<N{n) '^i+iJ 

= / f{tl{s))-f{tl{s))dg{s) 

where the integrals make sense as Lebesgue-Stieltjes integrals, because g is of finite variation. 
Note that 

t+{s) i s t"(s) t s as n ^ 00 

and that t'^{s) < s for all n. Because / is cadlag, we have /(t"(s)) — — > A/(s). 
Thus, by the dominated convergence theorem 

lim / fitlis)) - fitlis)) dgis) = [ Af{s) dg{s) = E A/(s) • Ag{s) 

Jm J{o,t] 

H 

Proposition E.2 Suppose that M, N are centered cadlag martingales, that M is square- 
integrable, and that N has square-integrable variation (i.e. K[Vt{N)'^] < 00, where Vt{N) is 
the variation of N on [0,t\). Then 

EMtNt = E E ■ AAT^ 



s<t 



Proof: Note that if tt = {0 = to < < • • • < ^at = ^ partition of [0,t], then 



iO<fe<Ar 0<k<N 



0<k<N 
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by repeated applications of the tower property. 
Now 

iMt^+. - Mt,){Nt,^, - Nt,) < 2sup |M,| • Vt{N) 

0<k<N 

By Doob's >CMnequality, we have E[sups<4 jM^p] < 4IE[M|] < oo. Hence both sups<4 \Ms\ 
and Vt{N) are in and thus their product is in £}, i.e. J2o<k<Ni^tk+i — ^tk){Ntk+i ~ ^tk) 
is dominated by an integrable random variable. Now let 7r„ = {0 = < < " " " < *iv(n) ~ 
be a sequence of partitions of [0, t], with mesh(7r„) 0. Then 



^MtNt = E (^t^+i - -^n)^ all n G N 

\0<fc<iV(n) 

Therefore, by the dominated convergence theorem and the preceding lemma, we have 



'EMtNt = E 



lim (Mjn - Mtn){Ntn - Nt^) 

ri >-f>0 ^^^^ fc~|~l fc fc-|-l fc 



0<k<N 



E 



s<t 



F Technical Results on Poisson Random Measures 

Theorem F.l Suppose that {E,B,iJ,) is a-finite measure space. Then there exists, on some 
probability space {Q,J^,F), a Poisson random measure M on {E,B) with intensity measure 
H. 

Proof: First assume that /i is a finite measure on {E, B). If = 0, let M = identically. Else, 
let {Q,J-,¥) be any probability space sufficiently rich to support the existence of a sequence 
{Zn : n G N} of random variables with common distribution j]^, and a Poisson random 
variable Y with mean Ijl{E), such that that Y, Zi, Z2, Z^, . . . are mutually independent. Define, 
for B e H 

Y{u) 

M{B,u)=Y,lB{Zk{uj)) 
k=l 

where we define Yli = 0- Then M{B, to) counts the no. of Z„'s that belong to B, and is 
therefore a measure, for each uj. Note that M{E) = Y . 

Now let . . . , Bm G ;B be a partition of E, and let ni, . . . , Um G N with X^^i = n. 
Then 

P(M(Bi) = n2, . . . , M{Bm) = Urn) 

= P(M(5i) = n2, . . . , M{Bm) = nm\M{E) = n) F{M{E) = n) 



n n 



P Y ^BAZk) = ni,...,Y iBmiZk) = Uk P(y = n) 
\k=l fc=l / 

n! /M^i)y^ (KB^Y^ -,iE)lAEr 
ni\...nJ.\fi{E) J ■■■\fi{E)J n! 



=n 
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Summing over ni, . . . , rim except n^, we obtain 



P(M(Bfe) = nfe) = e-'^(^'=)^ 



This proves at once that the M{Bk) are independent Poisson random variables with mean 

It remains to deal with the case where = oo. Since /x is a-finite, we can find disjoint 
El, E2, • ■ • E B such that Ej. = E and such that each n{Ei) < oc. Wc can then construct, 
on some probability space (O^, ^fe, P^) a Poisson random measure on {E, B) with intensity 
measure n\Ek. By taking (n,.?^,P) to be the product space of the (Ofe, jrfc,Pfc), we can assume 
the Mfe to be independent Poisson random measures : B x f2 — N U {00} on [E, B). Now 
define 

00 

M{B) = Y,Mk{B) 
k=l 

Then 

E[M{B)] = J2nMkiB)] = Y.lJik{B) = fiiB) 

k k 

Since a sum of independent Poisson variables is Poisson, we see that M{B) is Poisson with 
mean /i(-B) if A*(-B) < 00. It remains to show that M{B) = 00 a.s. if = 00. First note 
that that there exists a constant a such that (1 — e~^) > min{|,a}: There is a constant b 
such that (1 - e-'') > § for < r < 6. Now let a = (1 - e'''). Now if IJ.{B) = 00, then 

^F{Mk{B) > 1) = ^(1 - e-^'=(^)) > ^min{^^,a} = 00 

k k k 

Hence by the Borel-Cantelli lemma we see that P(M/j(i?) > 1 i.o.) = 1, and thus that 
F{M{B) = 00) = 1 also. 

H 



Lemma F.2 Suppose that N : B{X) x Q ^ is a random measure on a Borel subset X 
ofW^, and suppose that the intensity jj, of N (given by /i(-B) = K[N{B)] for B G B{W^)) is 
a-finite. Suppose that 

(i) N{B) is a Poisson random variable for each rectangle B G B{W^); 

(a) If Bi, B2, ■ ■ ■ , Bn are disjoint rectangles, then N{Bi), N{B2), . ■ ■ , N{Bn) are indepen- 
dent. 

Then N is a Poisson random measure with intensity fj,. 

Proof: (This proof seems unnecessarily complicated, and I'd like to find a simpler one.) For 

clarity of exposition, we assume X = W^. Suppose first that /i is a finite measure, and that 
?7 is a bounded open set. Then U =| Un C'n where each C„ is a finite union of disjoint 
rectangles, and the sequence {Cn)n is increasing. (E.g. for Cn, subdivide M'^ into dyadic 
rectangles, with endpoints having coordinates of the form fc2~"'. Let C„ be the union of all 
such subintcrvals which arc contained in U.) Since each C„ = IJA;<m is a finite union 
of disjoint rectangles, and since the N{Rk) are, by hypothesis, independent Poisson random 
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variables with mean ijL{Rk), we see that N(Cn) = J2k<m^(^k) a.s. is Poison with mean 
J2k<Tn l-K^k) = l-f-iCn)- Clearly N{Cn) T ^{U) a.s., by monotonicity of measures, and thus 
N{Cn) ^ N{U). In particular, comparing characteristic functions, we have 

gM(C„)[e«-l] _^ ]E[e^*f^] 

for alH G M, and since fJ,{Cn) l^-iU), we see that 

Hence N(U) is Poisson with mean IJ,{U). 

Next suppose that B G B{W^) is a bounded Borel set. Since every measure on a metric 
space is regular, there exists a decreasing sequence bounded of open sets (Un) such that 
B C Un for each n € N, and such that fi{Un) I Let C = fln^n- Then B C C and 

fi{B) = ii{C). Since N{B) < N{C) a.s. and since K[N{B)] = E[N{C)], we conclude that 
N{B) = N{C) a.s. Now N{Un) i N{C) a.s., and thus in distribution. We have shown above 
that each N{Un) is Poisson with mean n{Un)- Comparing characteristic functions (as above), 
we see that N{C) is Poisson with mean linin fi{Un) = fJ-iC). Since N{B) = N{C) a.s., they 
are identically distributed, and so N{B) is Poisson with mean //(C) = IJ.{B). 

If S G H(M'') is not necessarily bounded, and n not necessarily finite, then we can write 
B = Un-^"' where the B^ are disjoint bounded Borel sets, such that each iJ,{Bn) is finite. 
Then each N{Bn) is Poisson with mean iJ,{Bn), and so N{B) = Yln-^i^n) is Poisson with 
mean Y^nl^i^n) = A*(5)- 

It remains to show that N has independent increments. If ?7i, . . . , Um are disjoint open 
sets, then each can be written as a union of disjoint rectangles, Uk = Un^fc,«- Hence 
N{Uk) G o-{N{Ck,n) : n G N). These d-algebras are independent, by hypothesis, and thus 
N{Ui), . . . , N{Um) are independent also. 

In a metric space, every closed set is a countable intersection of open sets. Since a metric 
space is also a r4-space, disjoint closed sets can be separated by disjoint open sets. Thus 
if Ci, . . . ,Cm are disjoint closed sets in R"', we can find sequences (C/fc,n : n G N) of open 
sets such that Uk^n i Cj- (as n oo), and such that J7fc^„ n Uj^i = is j / /c. Since 
N{Ck) G a{N{Uk,n) '■ n- G N), and since these cr-algebras are independent, we see that 
N(Ci), . . . , N{Crn) arc independent also. 

Finally, \i Bi,...,B m are disjoint Borel sets, then we may find sequences of closed sets 
{Ck,n : G N) such that C^^^ C B}. and //(Un^fc,") ~ l^i^k)^ because ji is regular. Let 
Ck = Un Ck,n- Then Cfc C Bk and n{Ck) = At(Sjk). As above, it follows that N{Bk) = N{Ck) 
a.s. Now because Ck^n^Cj^i = when j ^ k, we see that N{Ci), . . . ,N{Cjn) are independent, 
and thus N{Bi), . . . N{Bjn) are independent also. 

H 

G Proof of the Levy— Ito Decomposition Theorem 

This section largely follows Bretagnolle[?]: 
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G.l PreliminEiries 



Let {Xt)t be a M''-valued Levy process on a stochastic base (Jl,^, P, {Tt)t)- Define 



Nt{B) = / Nt{dx) = V Ib{^Xs) for B G B{W^) bounded away from 

Xt{B)= I X Nt{dx) = y^AXslB{AXs) 
Jb 



zero 



Let V be the Levy measure of X, i.e. i/ is a measures on (M'', ;B(M'^)) satisfying 



i/(S) = E[7Vi(S)] 



and has z^{0} = 



Let Jx be the jump measure of X, i.e. Jx '■ ^{H) x Q — > Z_|_ is a random measure on 
H = (0, oo) X M"'\{0} defined by 



so that Jx((0, t]xB) = Nt{B). Then Jx is a Poisson random measure with intensity u = Axz^. 

It follows by Propn. 6.2 that for fixed t, Nt is a Poisson random measure on R'^\{0} with 
intensity measure tv. By Propn. 6.8, each Xt{B) is therefore a compound Poisson random 
variable with jump distribution tv. It is not hard to see that Xt{B) is a compound Poisson 
process. Indeed: 

Proposition G.l Suppose that X, N, v are as above. Let B G B{W^) he hounded away from 
zero, and let f be measurable. Define Zt = f{x) Nt{dx). Then Zt is a compound 

Poisson process with intensity ^{B) and jump distribution u{-) = i>{Br\ f~^{-)). Moreover, if 
Ib < then 



Proof: By Propn. 6.8, Z^ has a compound Poisson distribution with jump distribution 
o-{A) = v{B n f~^{A)). It is clear that Z is cadlag and piecewise constant, because Zt = 
^g<i f{AXs)lB{AXs). To verify that Z is a Levy process, wc need only check that it has sta- 
tionary independent increments. Now for s < t we have Zt — Zg = J2s<u<t f {^^u)I b{A.Xu) G 
(t(X^ — Xu : s < u < V < t) which is independent of J^g-, because X has independent incre- 
ments. By the stationarity of the increments of X, we conclude that Zt — Zg has the same 
distribution as Ztsi so that Z also has stationary increments. By Thm. 4.7, Z is a compound 
Poisson process. Since Z jumps only when Nt{B) jumps, the intensity (= expected no. of 
jumps per unit time) is v{B). The remaining assertions follow by Propn. 6.8, using the fact 
that Nt is a Poisson random measure with intensity measure tv. 



Jx{A) = #{s:{s,AXg)eA] 




Corollary G.2 Xt{B) is a d-dimensional compound Poisson process with intensity v{B) and 
jump distribution v{B n •) . 
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The process Xf — Xt{B) only has jumps with sizes in S"^. Xt — Xt{B) is also a Levy process. 
Indeed: 

Proposition G.3 Suppose that X, N, v are as above. Let B G B{U.'^) be bounded away from 
zero, and let f -.W^ be measurable. Define 

Zt = Xt- [ fix) Nt{dx) 

JB 

Then Zt is a Levy process. 

Proof: Wc know that Xf, f^f{x) Nt{dx) arc Levy processes. To check that Zt is a Levy 
process, we need only check that it has stationary independent increments. But for s < t we 
have 

Zt-Zs = Xt-X,- J2 /(AX„)7b(AX„) 

s<u<t 

which is (T^X^, — X^ : s < u < v < t)-measurablc. Thus Z has independent increments. The 
stationarity of Z follows likewise from the stationarity of X. 

H 

By removing the "large" jumps from X, we obtain a process with only "small" jumps. 
Suppose that we arbitrarily designate jumps of size |AX| > 1 as "large". Then: 

CoroUsiry G.4 Xt — J^^^^i x Nt{dx) is a Levy process with moments of all orders. 

Proof: The preceding proposition shows that Xt — J|j.|>i x Nt{dx) is a Levy process. Since 
it only has jumps of size \AX\ < 1, it has moments of all orders, by Propn. 5.1. 

H 



G.2 Martingale matters 

Let Ai^ denote the space of square-integrable centered cadlag martingales on (O, JT, P, {Tt)t) 
equipped with the topology induced by the seminorms qt{M) = ^[M^] 2 . Note that By Doob's 
inequality 

E[sup \Ms - Nsl"^] < 4gt(M - Nf 

s<t 

Hence is a metric space, with metric 

00 

d{M, N) = J2 2~"[gn(M - iV) A 1] 

n=l 

Suppose now that (M")„ is a Cauchy sequence in M"^. For each t, we have qt{ M"' — M"^) 
as n, m ^ 0. Since £^-spaces are complete, there is a random variable Mt such that 
— > Mt in C^. It is easy to verify that {Mt)t is a martingale: Suppose s <t. Then 

\\Ms - E[Mt|JP-,]||2 < \\Ms - M^\\2 + - Mt\J^s]\\2 

< ||M,-M,"||2 + ||M;^-Mt||2 
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(using the fact that |E[X|^5]p < E[|Xp|^5].) Now the two terms on the righthand side can 
be made arbitrarily small by letting n oo, and so Mg = ]E[Mt|jF5]. We can, of course, 
assume that M is cadlag . (Indeed, by Doob's inequality 

gt(M"-M)^0 E[sup|M;*-Msp] <4gt(M"-M)2^0 

s<t 

and thus M" — M uniformly in on [0,t]. Hence we have a.s. uniform convergence 
along some fast subsequence (M"''^)^, and this shows that the limit M is cadlag also.) Since 
^^-convergence implies ^^-convergence, we see that M is centered also. Hence: 

Proposition G.5 M'^ is a complete locally convex metrizable space. 

□ 

Next, let X be a Levy process with jump measure Jx and Levy measure i'. Define Jx 
by Jx{d{t,x)) = Jx{d{t,x)) — X{dt)i'{dx). Similarly, define Nt{dx) = Nt{dx) — tu{dx). Note 
that for each B bounded away from zero, the process {Nt{B))t is a martingale: Nt{B) is 
clearly a Levy process (because Nt{B) is), and is moreover centered, because E[Nt{B)] = 
E[Nt{B)] — tu{B) = 0. Of course, this result can be extended: Define, for B bounded away 
from zero and f • Ib & ^'^{^)- 



Nt{f,B)= f fdNt Nt{f,B)= f fdNt 

JB Jb 



t 

Note that Nt{B) = iVt(l,i?), and that Nt{f,B) is a compound Poisson process. 

Proposition G.6 Suppose that B G B{W^) is bounded away from and that f : ^ R is 
such that f ■ Ib ^ ^^{^)- Then Nt{f,B) is a square-integrable centered cadlag martingale. 

Proof: This follows directly from Propn. 6.8: AT^ is a Poisson random measure with intensity 
measure tu, and hence E[J"g / dNt] = t f du, Var(J"g / dNf) = t |/p du. 

H 

Proposition G.7 Suppose that Bi,B2 are two disjoint Borel sets that are bounded away 
from zero, and that fi ■ lBi,f2 ■ Ib2 € 'C^(z^)- Then the processes Nt{fi, Bi), Nt{f2, B2) are 
independent. 

Proof: For u G M'^ and j = 1, 2, define M^{Bj) = ^^^i^^^^^^i^^i)^ - 1. Then each M^{Bj) G 

M^. Now e&ch Nt{fj,Bj) is a compound Poisson process, from which it follows easily that 
the Mf{Bj) have paths of finite variation on compacts. By Propn. 6.1, it follows that 

E[M^{Bi)M^{B2)] = for all u,v e M"', and thus that 

^^i{u,Nt{fi,Bi)) ^i{u,Nt{f2,B2)) ^ ]E[gi(«,iVt(/i,Si)>j]£jgi{«,iVt(/2,B2)>] 

In particular, by independence and stationarity of increments, we sec that 



E 



= E 



J{ui,Nti{fi,Bi))+ij:t=2{^k,Ntk(h,Bi)-Nt^_^{h,Bi)) 



■E 



i{vi,Nti{f2,B2))+iEk^2i^k,Nt^(h,B2)-Nt^_^(f2,B2)) 



from which follows the independence of A^t(/i, -Bi) and Nt{f2, B2). 
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G.3 Decomposition for centered Levy processes with jumps bounded by 1 

In this subsection, we prove the Levy-Ito decomposition theorem for d-dimensional Levy 
processes that are centered (hence martingales) and have jump amplitudes < 1. 

Let X be such a Levy process, with Levy measure ly. Note that X has moments of all 
orders, and thus that X G M"^. Now define Mt{B) = Nt{id,B) = Xt{B) - tj^x u{dx) = 
j^x [Nt{dx) - u{dx)\. For n e N, define = {x G M'^ : ^ < |x| < i}, Cn = Ufe<n^fc- 
Then the Mt{Dn) are pairwise independent d-dimensional martingales/Levy processes, by 

Propn. G.7. Moreover, the component processes X^'* — M^^\Cn) and M^^\c,i) independent 
for J = 1, . . . , d, as can easily be verified by an argument akin to the proof of Propn. G.7. It 
follows that 

Var(Xp^) = Var(x|^'^ - M'f\Cn)) + Var(Mj^^'^(C„)) 

and thus that 

\ax{Ml^\Cn)) < \ax{x[^^) < oo 

for all n G N. By Propn. 6.8, Yar{M^''\Cn)) = t Jc i'{dx), where Xj is the j^^ component 

of X G W^. Thus \&v{M'f\Cn)) is increasing (as n — oo), and bounded by Var(Xp^), hence 
convergent, and therefore a Cauchy sequence. Now if n < m, then 

= t I x'j v{dx) — t Xj v{dx) 

SO {M^^\Cn))t>o is a Cauchy sequence in M.'^, and hence converges. It follows that the 
sequence Mt{Cn) of d-dimensional martingales converges also. Note that 

Cn T e : \x\ < 1}\{0} as n — > oo 

and that i/{0} = 0. 

Define X^ to be the limit of the Mt{Cn) in (as n oo), i.e. Xf = J^^^^^xNt{dx). 
Further define X^ = Xf — Xf. Clearly, X^ is the A^^-limit of the sequence Xt — Mt{Cn)- Since 
Xt — Mt{Cn) and Mt{Cn) are independent, so are their limits, i.e. Xf,Xf are independent. 

We now verify that Xf is continuous: Indeed, by Doob's inequality, the £^-convergence 
of the Xt — MtiCn) implies uniform convergence on compacts in £^ (specifically, sup5<j \Xt — 
Mt{Cn) — Xf\'^ — G >C^), and thus a.s. uniform convergence along a fast subsequence. Since 
Xt — Mt{Cn) only has jumps of size < , uniform convergence implies that X^ has no jumps 
at all. 

Next, we show that X'^,X'^ are Levy processes. Indeed, Xf is the Z!^~limit of Mt{Cn)- 
Thus, by the dominated convergence theorem and the fact that the Mt{Cn) are Levy pro- 
cesses, we have E[e*^"'^*'~^^^|^s] = limn (pMt-s(Cn)i''^) = E[e*^"'^*-=^] (where (fz denotes the 
characteristic function of the random variable Z). This proves that Xf — X^ has independent 
identically distributed increments, and thus that Xf is a Levy process. The same argument 
shows that X^ is a Levy process. 

Arguing in exactly the same way as in Propn. G.7, we can show that X^ is independent of 

Nt{f,B) whenever / is bounded away from zero and f-lB&jC'^{i')' Define = f -^^1 — 1 

IE[e ^ ' * ' ] 

and = ^J"(l'^Ntl'f^B))j ~ 1- Then M" is a continuous martingale, and hence E[M"A?j^] = 0, 
by Propn. 6.1. The rest follows as Propn. G.7. 
We have shown: 



E 
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Theorem G.8 Suppose that Xt is a centered Levy process whose jumps are hounded by 1. 
Then we have 

Xt = X'^+Xf 
where X^ is a martingale with continuous sample paths, 

X^= [ X [Nt{dx) - ti^{dx)] 

J\x\<l 

is a martingale, and XI', Xf are independent Levy processes. Moreover, the Poisson random 
measure Nt is independent of X^. 

□ 

Remarks G.9 (a) Of course, there is nothing special about the constant 1 in the preced- 
ing theorem. We could have proved a similar decomposition theorem for centered Levy 
processes whose jump sizes are bounded by any positive constant. 

(b) Note that the integral 

xNt{dx) 



I 

J\x 



'\x\<l 

may well diverge. So, indeed, may the integral J\^\<:iX v{dx). It is the compensated 
integral x Nt{dx) = Jjj.|<]^ x [Nt{dx) — tui^dx)] which is guaranteed to be finite. 

(c) Since Mt{Cn) Xf in , we see that 



oo > EdXi'^l^] = limE[|Mt(C„)|2] = t [ \xf i^{dx) 

" 7|a;|<l 



Though J^^^^iX Nt{dx) may not converge, the integral Jij.|<i v{dx) is necessarily 
finite. Moreover, because u{B) < oo when B is bounded away from zero, we must have 
I\x\>i ^{dx) < oo. It follows that is a Borel measure with the properties that 



/ 



\xf A 1 u{dx) < oo z/{0} = 



A measure with these properties is sometimes called a Levy measure. Thus, the Levy 
measure of a Levy process is a Levy measure(!!) 



□ 



G.4 The General Case 

Suppose that Xt is a d-dimcnsional Levy process. Define the Poisson random measure Nf on 
^(M''\{0}) by Nt{B) := J2s<t Ib{^Xs), and let u{B) = E[Ni{B)] be the Levy measure of X. 
Recall the convention that i^{0} = 0. 

By Propn. G.3, the process Xt — J^^^^i x Nt{dx) is a Levy process, with jumps bounded 

by 1. It therefore has moments of all orders, by Propn. 5.1. Define 7 G M'' by 7t = 
E[Xt — J|3,|>i X Nt{dx)], so that Xt := Xt — Jm~^i x Nt{dx) — 7* is a centered Levy process 
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with jumps bounded by 1. Note that Xt and Xt have the same jumps with sizes < 1 (i.e. 

if |AXt| < 1, then AXt = AXt) and thus that the Levy measure of Xt, when restricted to 
Borel subsets of {x : < |x| < 1}, is equal to i'. By Tlini. G.8, we have the decomposition 
Xt = Xt + Xf, where X'^,X'^ are independent centered Levy processes (hence martingales), 
t = I\x\<i^ Wt{dx) — tu{dx)] and Xf has continuous sample paths. Also, X'^ and Nt{B) 
are independent whenever B is bounded away from zero. 

It follows by Theorem 5.3 that Xt is a Brownian motion with mean and covariance 
matrix A. We therefore have 

Xt = X^+ [ X [Nt{dx) - tiy{dx)] + [ x Nt{dx) + -ft 

J\x\<l J\x\>l 

We have proved: 

Theorem G.IO (Levy-Ito Decomposition) Lei X be a d-dimensional Levy process. Then X 
has decomposition 

Xt = jt + Bt+ x[Nt{dx)-tv{dx)\+ I xNt{dx) 

J\x\<l J\x\>\ 

Here, 7 := E[Xi - Jj^,^^ x Nt{dx)] G W^. 

Bt is a centered Brownian motion with covariance matrix A. 

The process x [Nt{dx) — tu{dx)] is a martingale independent of Bt- 

For each B € BiW^) hounded away from zero and each f ■ Ib & '^^(^); is independent 
ofJ^f{x)Nt{dx). 

Furthermore, j^^fi Nt{dx) and jQ^f2 Nt{dx) are independent whenever Bi,B2 are dis- 
joint Borel sets which are bounded away from zero (assuming fi • Ibi , /2 • IB2 ^ ^'^{^) )■ 
The measure v is a Levy measure, i.e. satisfies |xp A 1 ^{dx) < 00, and J^{0} = 0. 



□ 



